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ABSTRACT
The d i c h r o m a t i c  p o ly n o m ia l  o f  a g r a p h  ^16^
( o r  t h e  T u t t e  p o l y n o m i a l ;  i s  a p o ly n o m ia l  f u n c t i o n  
of  two v a r i a b l e s  f rom  w hich  a l a r g e  amount o f  
i m p o r t a n t  i n f o r m a t i o n  a b o u t  t h e  g r a p h  may be 
o b t a i n e d  , i n c l u d i n g  t h e  c h ro m a t i c  p o l y n o m i a l  and 
t h e  c o m p l e x i t y  of  t h e  g r a p h .  Some p r o p e r t i e s  of 
t h e  T u t t e  p o ly n o m ia l  and an  a l g o r i t h m  f o r  i t s  
c o m p u t a t i o n  a r e  g i v e n .
A r e c u r s i v e  f a m i l y  of  g r a p h s  i s  d e f i n e d  t o  
be a f a m i l y  o f  g r a p h s  whose T u t t e  p o l y n o m i a l s  
s a t i s f y  a homogeneous l i n e a r  r e c u r r e n c e  r e l a t i o n .
The s m a l l e s t  p o s s i b l e  o r d e r  o f  su ch  a r e c u r r e n c e  
r e l a t i o n  i s  c a l l e d  t h e  r e c u r s i v e n e s s  o f  t h e  f a m i l y .  
The e x i s t e n c e  of  such  a r e c u r r e n c e  r e l a t i o n  e n a b l e s  
u s  t o  c o n s i d e r  t h e  T u t t e  p o l y n o m i a l s  o f  l a r g e  g r a p h s .
Some e l e m e n t a r y  p r o p e r t i e s  o f  r e c u r s i v e  f a m i l i e s  
a r e  found  and two l a r g e  c l a s s e s  o f  r e c u r s i v e  f a m i l i e s  
o f  g r a p h s  a r e  d e f i n e d .  The p r o o f  t h a t  t h e  f a m i l i e s  
i n  t h e s e  c l a s s e s  a r e  r e c u r s i v e  i s  c o n s t r u c t i v e  and 
t h e  m ethods  used  a r e  a p p l i e d  t o  some f a m i l i e s  f rom  
t h e  two c l a s s e s  w i t h  s m a l l  r e c u r s i v e n e s s .  The 
p ro b lem  of  t h e  l o c a t i o n  of  t h e  c h r o m a t i c  r o o t s  o f  
a g ra p h  i s  c o n s i d e r e d  i n  t h e  l i g h t  o f  t h e  i n f o r m a t i o n  
t h u s  g a in e d  and s e v e r a l  c o n j e c t u r e s  a r e  made.
The most i m p o r t a n t  of  t h e s e  i s  a g e n e r a l i s a t i o n  of  
B ro o k s '  th e o re m  and s t a t e s  t h a t  f o r  a g ra p h
whose g r e a t e s t  v a l e n c y  i s  k t h e  c h r o m a t i c  r o o t s  
a l l  have  modulus n o t  g r e a t e r  t h a n  k + 1.
Much of  t h e  work may be g e n e r a l i s e d  i m m e d ia te ly
t o  m a t r o id  t h e o r y  and where  t h i s  i s  so t h e  a p p r o p r i a t e  
r e s u l t s  a r e  s t a t e d .
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1. i n t r o d u c t i o n
ü g r a p h  G i s  an  o r d e r e d  t r i p l e  (V , E ,  i  ) where 
V and E a r e  f i n i t e  s e t s  and i  i s  an  i n c i d e n c e  
f u n c t i o n
L : E  -----^ V Ü V
( V ' d e n o t e s  t h e  s e t  of  u n o r d e r e d  p a i r s  o f  e l e m e n t s
o f  V  . ) The e l e m e n t s  of  V and E a r e
c a l l e d  t h e  v e r t i c e s  and e d g e s  o f  G.
I f  e  G. ET and =  v s. V  t h e n  e
i s  c a l l e d  a l o o p ,  and may som etim es be d e n o te d  by ^ v , v ]
I f  e  V w e  u s u a l l y  do n o t  d i s ­
t i n g u i s h  b e tw e e n  e. and , v ]  u d e s s  t h e r e
a r e  two e d g e s  G,, , such  t h a t  c Ce.,) =.
L(e%) = i n  w h ich  c a s e  G i s  s a i d
t o  have m u l t i p l e  e d g e s .
w th e r  g ra p h  t h e o r e t i c  t e r m s ,  whêrë  n o t  e x p l i c i t l y  
d e f i n e d  a r e  u sed  a c c o r d i n g  t o  t h e  d e f i n i t i o n s  ifv 
(where t h e  s t r u c t u r e  d e f i n e d  above i s  c a l l e d  a p se u d o ­
g r a p h ) .
F o r  a g ra p h  G = ( V , E , i )  d e f i n e  t h e  c y c l e  r a n k
<r a n k ; m (G) and t h e  c o -b o u n d a r y  r a n k  ( c o - r a n k ; 
m* (G) by
m (G) = \E. \ -  W \
m* (G) = IV \ -
where p  ^ (&) d e n o t e s  t h e  number o f  c o n n e c te d
components  o f  G.
7D e f in e  t h e  Whitney Rank P o ly n o m ia l  o f  G,
R (Gi X, y )  by
R(G; X, y )  = L .
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where  t h e  summation i s  t a k e n  o v e r  a l l  s p a n n in g  
s u b g r a p h s  H o f  G. ( See [21^  ^[22^ and \.17^
T u is  d e f i n i t i o n  i s  e q u i v a l e n t  t o  t h a t  g i v e n  i n  ^ 7] • )  
F o r  a g r a p h  G = (V, E,  i )  and a n  edge e  e  E
d e f i n e  t h e  d e l e t i o n  o f  e  t o  be t h e  g r a p h
O i  = ( V ,  E  -  l e l  , U )
where
t '  E -  M  ------> V  V V''-'
i s  t h e  r e s t r i c t i o n  o f  i  t o  ET -
I f  i n  a d d i t i o n  e. i s  n o t  a l o o p ,  so t h a t
L I c . )  = j d e f i n e  t h e  c o n t r a c t i o n  o f
t o  be t h e  g ra p h
CrZ - ( (v - U .va) V 1*1 , E - w  , L")
where
•= LL, ( 9 i- (Ç ) -
v" ( 9 )
L" 14") ^ or-
v" C' '^) = % 4 '  i ' / .  . ' ' A
f o r  a l l  a d g es Ç e  E - w i t h
d e n o t i n g  any  two d i s t i n c t  v e r t i c e s  i n  V -  •
8Lemma 1 . 1 :
R  ( G  , V~,^)  = R(G-^  , ^  ■>^,‘^ ') 0
f o r  any  edge e  o f  G w hich  i s  n o t  a l o o p .
P r o o f  : We s e t  up a h i j e c t i o n  b e tw e e n  t h e  s e t
of  s p a n n in g  s u b g r a p h s  o f  G and t h e  u n i o n  o f  
t h e  s e t s  o f  s p a n n in g  s u b g r a p h s  o f  cu \^  Çy^
a s  f o l l o w s .
L e t  G| be a s p a n n in g  su b g ra p h  o f  G w i t h  
edge s e t  El  ^ - I f  e. ^  E  , t h e n  G,
i s  a s p a n n in g  su b g ra p h  o f  G ^  . I f  e, e. E ,
tf II
t h e n  G , ^  i s  a s p a n n in g  s u b g ra p h  o f  vj g. .
L e t  cr j  be a s p a n n in g  su b g ra p h  o f  G ^  .
Then Or ^ i s  a sp a n n in g  s u b g ra p h  o f  G. L e t  G% 
be a s p a n n i n g  su b g ra p h  of  G ^  w i t h  (v^
Then l e t  H = (  ( v - u  \v , ,v ^ \  , o'Le-\ , i )
where  t h e  n o t a t i o n  i s  t h a t  o f  t h e  d e f i n i t i o n  o f  vrJ
above and j  i s  t h e  r e s t r i c t i o n  o f  i  t o  E^, o
H i s  c l e a r l y  a s p a n n in g  s u b g ra p h  o f  u .
We now o b se rv e  t h a t
(G-,) - I )
r a  ( H )  z. m
and ( H )  = a-I
and t h e  r e s u l t  f o l l o w s  f rom  t h e  d e f i n i t i o n  o f  
R (G; X ,  y ) . □
A c o l o u r i n g  o f  a g r a p h  a  i s  a n  a s s ig n m e n t  of  
c o l o u r s  t o  t h e  v e r t i c e s .  Lore  p r e c i s e l y  i t  i s  a 
mapping
C '
o f  t h e  v e r t i c e s  i n t o  any f i n i t e  s e t  G.
A c o l o u r i n g  i s  s a i d  t o  be p r o p e r  i f  cr h a s  
no l o o p s  and f o r  e v e r y  edge o f  G
F o r  a g ra p h  Gr t n e  c h ro m a t i c  p o l y n o m i a l  o f  
G, P (Gj n  ) i s  a f u n c t i o n  whose v a l u e  f o r
n o n - n e g a t i v e  i n t e g e r  v a l u e s  o f  n  i s  t h e  number o f
p r o p e r  c o l o u r i n g s  of  G w i t h  a s e t  o f  n  d i s t i n c t
c o l o u r s .  We s h a l l  assume many o f  t h e  e l e m e n t a r y  
p r o p e r t i e s  o f  P (G; a  ) w h ich  a r e  d e s c r i b e d  i n  
^13 i n c l u d i n g  t h e  f a c t  t h a t  P (G; a  ) i s  a 
p o ly n o m ia l  o f  d e g r e e  \V l  a  . i h e  \ v l
z e r o s  o f  P (G; a  ) a r e  c a l l e d  t h e  c h r o m a t i c  r o o t s  
o f  U r .
Lemma 1 .2  ; . . , ^  « v
9  ( G:) n)  ^ TC&ai -, n) z)
f o r  any  edge e. o f  Ur t h a t  i s  n o t  a l o o p .
P r o o f  : I f  L Ce) -  t h e n  t h e  p r o p e r
c o l o u r i n g s  o f  G ^  f o r  w hich  c
c o r r e s p o n d  t o  t h e  p r o p e r  c o l o u r i n g s  o f  G. On
t h e  o t h e r  hand t h o s e  f o r  which c ( v , )  =
*»
c o r r e s p o n d  t o  t h e  p r o p e r  c o l o u r i n g s  o f  G , a
10
The f o l l o w i n g  r e s u l t  i s  due t o  B i r k h o f f  
and was a l s o  p roved  by  W hitney  [21^ a s  a n  a p p l i c a ­
t i o n  o f  h i s  f o r m a l i s a t i o n  o f  t h e  p r i n c i p l e  o f  i n c l u ­
s i o n  and e x c l u s i o n .
Theorem 1 .1 ?  (, Cr , -- n '''' aCCr- ,  --K >
P r o o f ;  I f  WI 4- \ E \  ■= 2 o r  3 t h e
o n ly  p o s s i b i l i t i e s  a r e
vv)
i>)  • < 3  v )
u i )    a
and f o r  t h e s e  g r a p h s  b o t h  s i d e s  i n  t h e  above e q u a t i o n  
t a k e  t h e  v a l u e  O ,  n  ^  ^ O  r e s p e c t i v e l y .
i f  \V \ >  3  and \e V > O l e t  s e E  .
Then p r o c e e d i n g  by i n d u c t i o n
z ^  A^) -  "PCg *-, by  lemma 1 .2
- CG^ ■> " A \  --Tv
- (  ^(Sri \ "■^>"0 (r a) ') -"k >■')
-  ( g  ,  V c . t v \ ( Y x < ^  \ . v
F i n a l l y  i f  = O t h e n
and R  Cg  -, -x.^   ^ . q
Tne b i c h r o m a t e  o f  a g ra p h  was i n t r o d u c e d  b y  T u t t e  i n
^ 1 6 ]  . I t  i s  now o f t e n  known a s  t h e  T u t t e
p o ly n o m ia l  and i s  d e f i n e d  a s  f o l l o w s .  ( I n  h i s  most
t h i s
r e c e n t  p a p e r s  P r o f e s s o r  T u t t e  c a l l s / t h e  d i c h r o m a t i c  
p o ly n o m ia l  and l e a v e s  t h e  p o ly n o m ia l  Q(G; x , y ) ,
11
d e f i n e d  i n  [l?!^ and c a l l e d  t h e  d i c h r o m a t i c  
p o l y n o m i a l , n a m e l e s s . )
C o n s i d e r  a s p a n n in g  t r e e  T o f  a c o n n e c te d  
g r a p h  G. F o r  any  edge e  o f  T , ,  T J  h a s
two com ponen ts  T , and T ^ w i t h  v e r t e x  s e t s
V , and I  V, vV^ = . The c u t  s o t  o f  &
wibii r e s p e c t  t o  T i s  t h e  s e t  o f  e d g e s
such  t h a t  V, e. V, and . F o r  any  edge
e  -= ^  E  5  ( n o t  a l o o p )  n o t  i n
T t h e r e  i s  a u n iq u e  p a t h  ~
• G? s u c h  t h a t  f
f  and f  oc, ) i- .
The s e t  o f  e d g e s  > . . .  ,e^,\  i n  t n i s  p a t n  i s
t h e  c i r c u i t  o f  e. w i t h  r e s p e c t  t o  f .
buppose  t n e  edges  E of G a r e  o r d e r e d  by
a t o t a l  o r d e r i n g  . ü n  edge  e- o f  T
i s  d e f i n e d  t o  be i n t e r n a l l y  a c t i v e  w i t n  r e s p e c t  t o
T i f  f o r  e v e r y  edge ' i n  une c u t  s e t  o f  e
e  >  ee'*
ü n  eage  e. o f  G n o t  i n  i  i s  e x t e r n a l l y  a c t i v e  
w i t n  r e s p e c t  t o  T i f  f o r  e v e r y  edge i n  t n e  c i r c u i t  
e,
ü n  i s t h m u s  o f  G i s  i n t e r n a l l y  a c t i v e  w i t h  r e s p e c t  
t o  a l l  s p a n n in g  t r e c e s  o f  G. A l o o p  o f  G i s  
e x t e r n a l l y  a c t i v e  w i t n  r e s p e c t  t o  a l l  sp a n n in g  t r e e s  
o f  G.
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F o r  a s p a n n in g  t r e e  of  T o f  t h e  g r a p h  G t h e  
i n t e r n a l  and e x t e r n a l  a c t i v i t i e s  o f  T,  i  (T) and 
e ( T )  a r e  the number o f  e d g es  o f  G which  a r e  
i n t e r n a l l y  and e x t e r n a l l y  a c t i v e  w i t h  r e s p e c t  t o  T.
F o r  a c o n n e c te d  g r a p h  G t h e  T u t t e  p o ly n o m ia l  
X  (G; X ,  y ;  o f  G i s  d e f i n e d  by
X.( Or-, X . , = li if \el * 0
X  (G-X, ~ 22- otherwise,
where t h e  summation i s  t a k e n  o v e r  a l l  s p a n n in g  t r e e s  
T of  G.
T u t t e  p r o v e s  i n  [ l 6 ^  t h a t  t h i s  p o ly n o m ia l  
i s  i n d e p e n d e n t  o f  t h e  o r d e r i n g  <C p l a c e d  on t h e  
s e t  E.
The d e f i n i t i o n  i s  e x te n d e d  t o  g r a p h s  w hich  a r e  
n o t  c o n n e c te d  by  d e f i n i n g  t h e  T u t t e  p o l y n o m i a l  o f  a 
g ra p h  G t o  be t h e  p r o d u c t  o f  t h e  T u t t e  p o l y n o m i a l s  
o f  t h e  c o n n e c te d  components  o f  G.
We s t a t e  w i t h  o u t  p r o o f  some e l e m e n t a r y  
p r o p e r t i e s  o f  X. (G; x ,  y )  g i v e n  i n  \^16^ .
i; X. (G; x, y) is a polynomial of degree 
m*(G) in x and m(G) in y.
i i )  F o r  any  edge e. e  E  w h ich  i s  n e i t h e r  
a l o o p  n o r  an  i s t h m u s
X  (G; X, y )  = X  ( G ^  ; x ,  y )  +
X  (G % ; X, y  ) . 4 )
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i i i >  I f  G i s  a g r a p h  w i t h  a(G) l o o p s  and b (G )
i s t h m u s e s  and no o t h e r  e d g e s  t h e n
. 5 ' )
i v )  I f  Ga i s  composed of  two c o n n e c te d  g r a p h s
G, , ^  X h a v in g  j u s t  one v e r t e x  i n  common t h e n
The number o f  s p a n n in g  t r e e s  o f  G i s  c a l l e d
t h e  c o m p l e x i t y  o f  G and d e n o te d  by  C (G).
v) X  (G; 1,  1)  = c  (G)
Theorem 1 . 2  :
P r o o f  ; I f  G h a s  a(G) l o o p s  and bvG) 
i s t h m u s e s  and no o t h e r  e d g e s  t h e n
A s p a n n i n g  su b g ra p h  S of  G w i t h  i  i s t h m u s e s  
and j  l o o p s  h a s
F o r  o t h e r  g r a p h s  u we p r o c e e d  b y  i n d u c t i o n  on
IvV lE l  . I f  W \ ^ \ E\ •=■ 2 o r  5 t h e r e  a r e  3 p o s s i b l e  
G («see Theorem 1 . 1 )  and t h e  theo re m  i s  t r u e  f o r  t h e s e  b y
14
th e  a rgum ent ab o v e .
I f  tv I > 3  l e t  e be  an  edge o f
G t h a t  i s  n e i t h e r  a lo o p  n o r  an  i s th m u s .  Ih e n
XCG-i ->r  ^ lemma 1 .2
= C'x--\>' ' CG-o. -, ir, '
+ C x .-.r RCc^: .
= C-.C-Q  ^ X R C x  -,P ,  ' X ' )  ) y ù )
/ / _ I - \
'  C'A-v RCCr *,  ^ lemma 1 .1  . ^
C o r o l l a r y  . = (r 'XCG , - 8 )
Q
P r o o f :  T h is  i s  an  im m edia te  c o n seq u e n ce  o f
th e o r e m s  1 . 1  and 1 . 2 .
±n o t h e r  words
^  I r  9 )
where  i s  t h e  number o f  s p a n n i n g  t r e e s  o f  G
whose i n t e r n a l  a c t i v i t y  i s  i  and whose e x t e r n a l  
a c t i v i t y  i s  0 .
B ecause  o f  theo rem  1 .2  and i t s  c o r o l l a r y  
s t a t e m e n t s  1>, 2 )  and 4 )  a r e  d i f f e r e n t  i n t e r p r e t a t i o n s  
o f  t h e  same r e l a t i o n .  T h i s  r e l a t i o n  i s  f u n d a m e n ta l  
i n  what f o l l o w s  and w i l l  be  r e f e r r e d  t o  a s  r e l a t i o n  ^
15
we a r e  p r i m a r i l y  c o n c e rn e d  w i t h  p r o p e r t i e s  o f  
c o l o u r i n g s ,  o f  g r a p h s .  However a g r a p h  may be  
c o n s i d e r e d  a s  a p a r t i c u l a r  k in d  o f  matro id .  and 
some o f  o u r  r e s u l t s  w i l l  be  e x p r e s s e d  a s  r e s u l t s
ab o u t  t h e s e  more g e n e r a l  s t r u c t u r e s .
A m a t r o i d  M o v e r  a f i n i t e  s e t  üi i s
d e f i n e d  by  a c l a s s  o f / s u b s e t s  o f  E c a l l e d  t h e  
c i r c u i t s  o f  L and s a t i s f y i n g
1> No c i r c u i t  i s  a p r o p e r  s u b s e t  o f  a n o t h e r  ;
2 )  I f  X and Y a r e  two c i r c u i t s  o f  M
and , a r e  such  t h a t  c ,  O: XrvY
and s-Tu ^ X - V  t h e n  t h e r e  i s  a c i r c u i t  Z 
of  jyi su ch  t h a t  % ç  X o X  -
±he e l e m e n t s  o f  E a r e  t h e  c e l l s  o r  e d g e s  o f  M
I f  E i s  t h e  s e t  o f  e d g e s  o f  a g ra p h  G t h e n  t h e  
c i r c u i t s  o f  G form  t h e  c i r c u i t s  o f  a m a t r o i d ,  c a l l e d
t h e  c i r c u i t  m a t r o id  of  G, and t h e  c u t  s e t s  o f  G
fo rm  t h e  c i r c u i t s  o f  t h e  bond m a t r o i d  o f  G. A m a t r o id
w hich  i s  t h e  bond m a t r o id  o r  c i r c u i t  m a t r o i d  o f  a
g r a p h  i s  c a i l e d c ggraphic o r  ^ l ig ra p h ic  r e s p e c t i v e l y  
(See  [20] ) .
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i f  S i s  a s u b s e t  o f  E , S i s  c a l l e d  
i n d e p e n d e n t  i f  i t  c o n t a i n s  no c i r c u i t  o f  M .
The r a n k  o f  any s e t  S c E i s  t h e  number o f  
c e l l s  i n  a maximal i n d e p e n d e n t  s u b s e t  o f  S. I t  
i s  a co n seq u e n ce  of  axiom 2 )  t h a t  r a n k  i s  w e l l  
d e f i n e d .  The b a s e s  o f  M a r e  t n e  maximal i n d e p e n d e n t  
s u b s e t s  o f  E.  I f  S s  E i s  maximal among s u b s e t s
of  E w i t h  t h e  same r a n k ,  t h e n  6 i s  c l o s e d .
c o n s i d e r  an o r d e r  <. p l a c e d  on t h e  c e l l s  o f  a 
m a t r o id  M and e x te n d e d  l e x i c o g r a p h i c a l l y  t o  an  
o r d e r  on s u b s e t s  o f  E h a v i n g  t h e  same number o f  
e l e m e n t s .  n e t  T be a b a s i s  o f  M . lè f ine  T "
t o  be  t h e  s m a l l e s t  s u b s e t  o f  T ( l e a s t  number o f  
e l e m e n t s ;  such  t h a t  t h e  ^  maximum b a s i s  o f  M 
c o n t a i n i n g  T ” I s  T , and d e f i n e  T* t o  be t h e
l a r g e s t  s e t  c o n t a i n i n g  T such  t h a t  t h e  <. minimum
b a s i s  o f  M c o n t a i n e d  i n  T* l b  T. P u t
VCT) = ,
= \ T - " - T y  .
D e f in e  t h e  T u t t e  p o ly n o m ia l  o f  M b y
X ( K ,  ^
w i t h  t h e  summation t a k e n  o v e r  a l l  b a s e s  T of  M.
T h is  i s  a d i r e c t  g e n e r a l i s a t i o n  o f  t h e  d e f i n i t i o n
17
f o r  g r a p h s  and i s  due t o  Crapo \_8~\ who showed 
t h a t  t h e  d e f i n i t i o n  i s  i n d e p e n d e n t  o f  t h e  o r d e r i n g  
<C A lso  i f  M ^ d e n o t e s  t h e  d u a l  m a t r o i d  of  M 
( s e e  [_^0~\ ) t h e n
X = x ( i ^ ,
C .A.B.  Sm ith  \_15^ p r o p o s e s  an  a l t e r n a t i v e  
mode o f  d e f i n i t i o n  f o r  t h e  T u t t e  p o l y n o m i a l  w hich  
i s  a s  f o l l o w s .
F o r  a m a t r o id  M o v e r  E w i t h  6. e  t .  l e t  t h e  
r e d u c t i o n  o f  M by e   ^ R ^  M be t h e  m a t r o id  o v e r  
E -  whose c i r c u i t s  a r e  t h o s e  o f  M w hich  do
n o t  c o n t a i n  e. . Le t  t h e  c o n t r a c t i o n  of  M
by e. , be  t h e  m a t r o id  o v e r  E -
ÇnsWV Cv^co vVi
whose c i r c u i t s  a rey(th^ee  of  t o g e t h e r  w i t h
t h o s e  s u b s e t s  S> E. E  such  t h a t  vj i s  a
c i r c u i t  o f  M.
A c e l l  e. of  M i s  a n  i s t h m u s  i f  i t  i s  c o n t a i n e d  
i n  no c i r c u i t  o f  L and i s  a lo o p  i f  i s  a
c i r c u i t  o f  M. A seq uen ce  o f  m a t r o i d s  i s  a c o n d e n s a ­
t i o n  of M i f  i t  i s  o b t a i n e d  f rom  M b y  s u c c e s s i v e  
r e p l a c e m e n t  o f  m a t r o i d s  H  ^by  and
C J A  f o r  any  c e l l  e. o f  M  ^w h ich  i s  n e i t h e r  a
lo o p  n o r  an  i s t h m u s .  a m a t r o i d  i s  d e g e n e r a t e  i f  a l l
i t s  c i r c u i t s  a r e  l o o p s  ( o r  i t  h a s  no c i r c u i t s ) .
A c o m p le te  c o n d e n s a t i o n  o f  M i s  a c o n d e n s a t i o n ,  a l l
o f  whose members a r e  d e g e n e r a t e .  Sm ith  shows t h a t
t h e r e  i s  o n ly  one co m p le te  c o n d e n s a t i o n  o f  M.
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The T u t t e  p o ly n o m ia l  o f  a d e g e n e r a t e  m a t r o id  
M w i t h  \ B \  c e l l s  and a(M) l o o p s  i s  d e f i n e d  
t o  he
X  C(a V,
The T u t t e  p o ly n o m ia l  o f  any  m a t r o i d  M i s  t h e  
sum o f  t h e  T u t t e  p o l y n o m i a l s  o f  t h e  members o f  t h e  
c o m p le te  c o n d e n s a t i o n  o f  M.
I t  i s  n o t  d i f f i c u l t  t o  show t h e  e q u i v a l e n c e  o f  
t h e s e  two d e f i n i t i o n s .
I t  i s  o f t e n  c o n v e n i e n t  t o  d e n o te  any  o f  t h e  
p o l y n o m i a l s  d e f i n e d  above f o r  a g ra p h  G ( o r  m a t r o i d  
M ) j u s t  b y  Cr * ( o r  K *
i n s t e a d  o f  X  ( g -, y - , e t c .  and where  t h e
c o n t e x t  makes i t  c l e a r  w h ich  p o l y n o m i a l  i s  b e i n g  
r e f e r r e d  t o ,  t h i s  w i l l  be  d o ne .
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2 .  An a l g o r i t h m .
I n  t h i s  c h a p t e r  we d e s c r i b e  a n  a l g o r i t h m  f o r  
t h e  c o m p u t a t i o n  o f  t h e  T u t t e  p o l y n o m i a l  o f  a 
g r a p h .
l e t  G« (V, B, i  ) be  a g r a p h  w i t h  no l o o p s .
(A lo o p  j u s t  i n t r o d u c e s  a  f a c t o r  y  i n t o  t h e  T u t t e
p o l y n o m i a l  so  t h i s  r e s t r i c t i o n  i n v o l v e s  no l o s s  o f  
g e n e r a l i t y . )  l e t  V  =  ^ ^  ^ a - V V l ,
and E = \e . ,   ^ e , , , . ..  ^ l e U  F o r
e a c h  e e £  d e f i n e  a n  o r d e r i n g  on t h e  p a i r  t  Qe.) t  V 
60 t h a t  e> may be  w r i t t e n  I v , ^ e .  V x V  .
The i n c i d e n c e  m a t r i x  F « o f  G i s  a n
n X m m a t r i x  whose e n t r i e s  a r e  g i v e n  by
. ' / A  f o r  any k  ^
= -I  'R e-j > f o r  an y  k  ^
-  O o t h e r w i s e .
D eno te  by t h e  (r\-\ )  x cy\  m a t r i x  whose
row s a r e  t h e  f i r s t  a -V rows of  F .  F o r  any
s e t  B  ^ o f  n - \  e d g e s  p a r t i t i o n  F^ i n t o   ^
where  5’  ^ i s  a n  — s q u a r e  m a t r i x  whose
colum ns c o r r e s p o n d  t o  t h e  e d g e s  o f  E  ^ F ^ i s  
a c c o r d i n g l y  an  Ca - v') x A + v ^  m a t r i x .  
lemma 2 . 1  F, i s  n o n - s i n g u l a r  i f  and o n l y  i f  t h e  e d g e s  
13^  fo rm  a sp a n n in g ,  t r e e  o f  G.
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P r o o f  ; I f  B ' i s  a t r e e  i t  i s  a s p a n n i n g  t r e e  
s i n c e  i t  h a s  n  -  1 e d g es  ( s e e  ^12"^ ) .
I f ’ E * i s  n o t  a t r e e  t h e n  some s u b s e t  o f  E ' 
must  fo rm  a c i r c u i t .  i n  t h i s  c a s e  t h e  columns o f  
F I c o r r e s p o n d i n g  t o  t h e  e d g es  o f  t h e  c i r c u i t  a r e  
l i n e a r l y  d e p e n d e n t  and so l e t  F , = 0 .
C o n v e r s e l y  suppose  E ' i s  a t r e e .  C o n s i d e r  
t h e  v e r t i c e s  o f  G t o  be  o r d e r e d  a c c o r d i n g  t o  t h e i r  
d i s t a n c e  i n  t h e  t r e e  f rom  , w i t h  t h e  f u r t h e s t
v e r t i c e s  f i r s t  i n  t h e  o r d e r i n g ,  and t h e  o r d e r i n g  o f  
v e r t i c e s  t h e  same d i s t a n c e  f rom  b e i n g  a r b i t r a r y .
F u r t h e r  c o n s i d e r  t h e  e d g e s  of  E  ^ t o  be o r d e r e d  
a c c o r d i n g  t o  t h e  p o s i t i o n  o f  t h e i r  end p o i n t s  rem o te  
f rom i n  t h e  o r d e r i n g  of  t h e  v e r t i c e s .
P e rm u t in g  t h e  rows and columns of  F  ^ a c c o r d i n g  t o  
t h e s e  o r d e r i n g s  y i e l d s  a m a t r i x  F /  h a v in g
\ \ -  V \
A lso  F  ^ i s  a lo w er  t r i a n g u l a r  m a t r i x  whose 
d i a g o n a l  e l e m e n t s  a r e  a l l  t  1 .
Hencee d e t  F  ^ 0 O
F o r  a s p a n n i n g  t r e e  T o f  t h e  d i r e c t e d  g r a p h  G 
d e f i n e  t h e  c i r c u i t  m a t r i x  ) and t h e
c u t  s e t  m a t r i x  \ < ^  -  o f  T w i t h  r e s p e c t
t o  G a s  f o l l o w s .
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C-p i s  an  (m -  n  +1) x  m m a t r i x  whose rows
c o r r e s p o n d  t o  t h e  e d g es  o f  G n o t  i n  T and whose
columns c o r r e s p o n d  t o  t h e  e d g es  o f  G. c T  w i l l  
he  used  t o  d e n o te  t h e  e n t r y  o f  C c o r r e s p o n d i n g  
t o  e d g e s   ^ r a t h e r  t h a n  t h e  ( i , j )  e n t r y ,
i f  i s  an  edge n o t  i n  T t h e n  t h e  d i r e c t i o n
of  i n d u c e s  a d i r e c t i o n  on t h e  e d g e s  o f  t h e  c i r c u i t
o f  w i t h  r e s p e c t  t o  T i n  t h e  o b v io u s  way.
P u t  oT^ •=: -V \ i f  i s  i n  t h e  c i r c u i t
o f  and h a s  d i r e c t i o n  t h e  same a s  t h a t  in d u c e d
b y  (UL ^
c T  = - \ i f  (L: i s  i n  t h e  c i r c u i t
& *
o f  and has d i r e c t i o n
d i f f e r e n t  t o  th a t  induced  
by  e-u , 
cT. r O  o th e r w is e .
K ^  i s  a n  (n  -  1) X m m a t r i x  whose rows c o r r e s p o n d
t o  t h e  e d g e s  of  T. i t  i s  d e f i n e d  s i m i l a r l y  t o  C-j- .
Namely U,T. = i f  e,: i s  i n  t h e  c u t
& ^
s e t  o f  and h a s  d i r e c t i o n  t h e  same a s  t h a t  in d u c e d
b y  ,
k T  ^ i f  i s  i n  t h e  c u t  s e t  o f
<2,1 and h a s  d i r e c t i o n  
d i f f e r e n t  t o  t h a t  in d u ce d  
by )
=r O o th e r w is e .
For t h e  p u r p o s e s  o f  t h i s  a lgod thm  we assume t h a t  an
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edge i s  a member of  i t s  own c u t  s e t  o r  c i r c u i t  so by  
s u i t a b l y  p e r m u t in g  t h e  columns o f  C and 
we c a n  p a r t i t i o n  them i n t o
\ ^ \ r  ^  and r e s p e c t i v e l y .
lemma 2 . 2  : i )  C . t- =- -  ( F , " '  9^ ') '=
i i .  = F , - ' F ,
( i n d e x  t  d e n o t e s  t h e  t r a n s p o s e  o f  a m a t r i x ) .
P r o o f  : We show t h a t
i ’ ) F .  CLr'" “
i i ' )  -  O
w h ich  may be w r i t t e n  i n  t e r m s  o f  t h e  p a r t i t i o n s  a s
F , ,  -  F ,  ^  o
R , t  f  = O
r e s p e c t i v e l y ,  which  y i e l d  t h e  r e s u l t s .
Row i  o f  F h a s  a  non  z e r o  e n t r y  f o r  e a c h  edge 
i n c i d e n t  a t  v e r t e x  . wow j  o f  C h a s  a non  z e r o  e n t r y
f o r  e a c h  edge i n  t h e  c i r c u i t  o f  e j  w i t h  r e s p e c t  t o
There  a r e  e i t h e r  0 o r  2 e d g e s  i n  t h i s  c i r c u i t  i n c i d e n t  
w i t h  v e r t e x  i n  t h e  f o r m e r  c a s e  (  =- O
c l e a r l y .  ±n t h e  l a t t e r  c a s e  l e t   ^ be  t h e
two e d g es  i n  t h e  c i r c u i t  i n c i d e n t  w i t h  . T h ere  a r e
two p o s s i b i l i t i e s .  E i t h e r  t h e  d i r e c t i o n s  o f  o-wck
a r e  b o t h  t h e  same a s  o r  b o t h  d i f f e r e n t  t o  t h e  d i r e c t i o n  
induced  b y  e. |^ o r  one h a s  d i r e c t i o n  t h e  same a s  and t h e  
o t h e r  h a s  d i r e c t i o n  d i f f e r e n t  t o  t h a t  in d u ce d  by  
xn th e  f i r s t  c a s e  one o f  i s  d i r e c t e d
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to w a rd s  and t h e  o t h e r  away f rom  >
i n  t h e  second  b o t h  a r e  d i r e c t e d  t o  o r  b o t h  away 
f rom  Vi .
I n  t h e  f i r s t  c a se  oT  ^  and Suw, -
and i n  t h e  second  c a s e   ^ T =. -  c.T and C
Hence +  'Vvv., ^  O i n  any  c a s e
and i ' )  f o l l o w s .
A s i m i l a r  a rgum ent  y i e l d s  i i ' )  . ^
Now an  edge n o t  i n  a s p a n n in g  t r e e  T
of  G i s  e x t e r n a l l y  a c t i v e  w i t h  r e s p e c t  t o  T i f  
and o n ly  i f  o T  -  o  f o r  a l l  Â ^
and an  edge e-i i n  T i s  i n t e r n a l l y  a c t i v e  w i t h  
r e s p e c t  t o  T i f  and o n ly  i f  W T. ■= o  
f o r  a l l  i  ■>’ b .
Hence lemmas 2 . 1  and 2 . 2  e n a b l e  u s  t o  f i n d  
t h e  T u t t e  p o ly n o m ia l  o f  a g ra p h  G f ro m  i t s  
i n c i d e n c e  m a t r i x  P s im p ly  by  c h e c k in g  t h e  
d e t e r m i n a n t s  o f  a l l  p o s s i b l e  P , m a t r i c e s  and cbhere- 
a p p r o p r i a t e  l o o k i n g  a t  f  , A com pute r
p rogram  b a s e d  on t h i s  a l g o r i t h m  i s  s im p le  t o  w r i t e  
u s i n g  s t a n d a r d  s u b r o u t i n e s  f o r  t h e  m a t r i x  o p e r a t i o n s  
and t h e  o n l y  d a t a  i n p u t  r e q u i r e d  i s  t h e  i n c i d e n c e  
m a t r i x .
I t  s h o u ld  be n o t e d  t h a t  t h i s  i s  n o t  t h e  b e s t  
p o s s i b l e  a l g o r i t h m  f rom  t h e  p o i n t  o f  v iew  o f  com pute r  
t i m e ,  t h e  i n v e r s i o n  o f  a m a t r i x  b e i n g  a f a i r l y  
l e n g t h y  o p e r a t i o n .  However t h e  a l t e r n a t i v e  i s  t o
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b a s e  t h e  a l g o r i t h m  on t h e  r e c u r s i o n  , and t h e  
c h o ic e  o f  t h e  edge t o  d e l e t e  and c o n t r a c t  a t  e ach  
s t a g e  and t h e  r e c o g n i t i o n  o f  g r a p h s  t h a t  r e q u i r e  no 
f u r t h e r  p r o c e s s i n g  b o t h  i n c r e a s e  t h e  c o m p l e x i t y  o f  
t h e  p rogram  and t h e  amount o f  d a t a  i n p u t  r e q u i r e d  
by  a l a r g e  f a c t o r .
üS a n  a p p e n d ix  t o  t h i s  c h a p t e r  we l i s t  t h e  
c h r o m a t i c  p o l y n o m i a l s  and c h ro m a t i c  r o o t s  o f  some 
s m a l l  g r a p h s ,  i n c l u d i n g  a l l  t r i v a l e n t  g r a p h s  w i t h  
no more t h a n  I v  v e r t i c e s  a s  l i s t e d  i n  [_1~\ ,
which  were computed b y  t h e  m a t r i x  method on t h e  
u n i v e r s i t y  o f  London GDC 6600 m ach ine .
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Append ix .
i n  t h e  f o l l o w i n g  l i s t  t h e  g ra p h  d i a g r a m s  a r e  
f o l lo w e d  by  a sequence  o f  c o e f f i c i e n t s  •••
where
and t h e n  b y  t h e  r o o t s  o f  t h e  e q u a t i o n  
P  CCr A = O  
^ th e s e  r o o t s  b e i n g  c o r r e c t  t o  5 d e c i m a l  p l a c e s ) .
4 . 1
6.1
6 . 2
8.1
8 . 2
8 , 3
8 . 4
8 . 5
2 , 5 , 1  ; 
u , 1 , 2 , 5
4 , 9 , 8 , 4 , 1 ;
0 , 1 , 2 , 2 . 4 5 3 ,  1 ,7 7 3  ±. l , 4 6 8 i
5 , 1 1 , 1 0 , 4 , 1 ;
0 , 1 , 1 . 8 5 9  t  U .4 9 2 i ,  2 . 1 4 1 + 1 . 9 4 9 1
1 1 , 3 2 , 4 0 , 2 9 , 1 5 , 5 , 1 ;
0 , 1 , 1 . 2 5 8 *  1 .8 5 6 1 ,  1 .8 6 5  * 0 . 5 3 9 1 ,  
2 .5 9 9  ± 1 .3 0 4 1 .
1 2 , 5 4 , 4 2 , 5 1 , 1 5 , 5 , 1 ;
0 , 1 , 2 , 2 . 4 5 5 ,  2 + i ,  1 . 2 8 4 + 2 . 0 2 7 1 .
8 , 2 5 , 2 9 , 3 3 , 1 3 , 5 , 1 ;  
0 , 1 , 2 , 2 . 5 2 9 ,  2 .2 2 6  t  0 .9 3 0 1  
1 ,1 1 0  ± 1 ,5 9 1 1 .
4 , 1 2 , 1 6 , 1 5 , 1 1 , 5 , 1 ;
0 , 1 , 2 , 2 , 2.545  t  0 .7 1 6 1 ,  
0.955  t  1 .1 7 4 1 .
1 0 , 2 8 , 5 5 , 2 7 , 1 4 , 5 , 1 ;
0 , 1 , 2 , 2 . 526 , 2 t  1 , 1.257  1 1 .7951
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10.2
10.1
10.4
l u . 5
10.6
4 . 1 6 , 3 2 , 4 4 , 4 ^ , 5 2 , 1 7 , 6 , 1 ;  
0 , 1 , 2 , 2 , 2 . 544 , 2 . 544 ,
1 .2 2 8  t  1 .1 1 1 5 1 ,  1 . 2 2 8 t  1 . 1151 .
8 , 2 8 , 4 4 , 4 7 , 4 2 , 3 1 , 1 7 , 6 , 1 ;  
0 , 1 , 2 , 2 , 0.654  t 1 .1 4 7 1 ,  
1 . 85 1 * 1 . 2751 , 2 . 4 9 5 *  0.3M01.
8 , 5 0 , 5 2 , 6 0 , 5 3 , 5 6 , 1 8 , 6 , 1 ;
0 , 1 , 2 , 2 , 0 .8 5 5  * 1 . 2551 , 
1 . 7 4 8 *  1 . 5 1 8 1 ,  2 . 5 9 9  * 0 .4 7 5 1 ;
1 6 , 5 4 , 8 5 , 8 5 , 6 5 , 5 8 , 1 8 , 6 , 1 ;  
u , 1 , 2 , 2 . 5 7 9 ,  0 . 6 6 7 * 1 . 5 0 4 1 ,  
1 . 7 0 8 * 1 . 2961 , 2 . 4 5 5 * 0 . 4251 .
1 0 , 5 6 , 6 0 , 6 6 , 5 7 , 5 9 , 1 9 , 6 , 1 ;
0 , 1 , 2 , 2 . 450 , 0 . 797* 1 . 2501 , 
1 . 941* 0 . 5171 , 2 . 0 5 8 *  1 .6 6 6 1 .
1 6 , 5 5 , 8 6 , 8 7 , 6 7 , 4 1 , 1 9 , 6 , 1 ;  
0 , 1 , 2 , 2 . 2 6 5 ,  0 . 7 3 5 * 1 . 4 6 6 1 ,  
2 . 2 5 2 * 0 . 6451 , 1 . 9 0 1 * 1 . 4 6 1 1 .
10.7
10.8
l u .  9
10.10
10.11
1 0 .12
1 6 , 5 6 , 9 0 , 9 5 , 7 1 , 4 2 , 1 9 , 6 , 1 ;
0 , 1 , 2 , 2 . 271 , 0 . 786* 1 .5 6 9 1 ,
1 . 7 7 7 *  1 .3 2 8 1 ,  2 .5 0 2  * 0 .6 5 5 1 .
2 0 , 6 6 , 1 0 1 , 1 0 1 , 7 5 , 4 5 , 1 9 , 6 , 1 ;  
0 , 1 , 2 ,  2 . 4 7 8 ,  0 .7 6 1  * 1 . 6 2 8 1 ,
1 . 6 5 6 * 1 . 5581 , 2 . 5 4 4 * 0 . 6251 .
2 0 , 6 8 , 1 0 6 , 1 0 7 ,  7 9 , 4 4 , 1 9 , 6 , 1 ;  
0 , 1 , 2 , 2 . 195 , 0 . 7 8 1 *  1 .7 3 6 1 ,  
1 . 565* 1 . 2981 , 2 . 5 5 8 * 0 . 5521 .
2 0 , 6 8 , 1 0 7 , 1 0 8 , 8 0 , 4 6 , 2 0 , 6 , 1 ;  
0 , 1 , 2 , 2 . 547 , 0 .8 1 4  ± 1 .6 1 8 1 ,  
2 . 0 8 7 *  0 . 7971 , 1 . 9 2 6 * 1 . 4921 .
2 4 , 8 1 , 1 2 5 , 1 2 5 , 8 8 , 4 8 , 2 0 , 6 , 1 ;  
0 , 1 , 2 , 2 . 5 6 6 ,  0 . 8 0 4 *  1 .7 8 0 1 ,  
1 . 7 1 4 *  1 .4 2 5 1 ,  2 .299  t  0 .6 8 9 1 .
2 2 , 7 6 , 1 1 9 , 1 1 7 , 8 4 , 4 7 , 2 0 , 6 , 1 ;  
0 , 1 , 2 , 2 . 4 6 8 ,  0 . 7 7 2 * 1 . 7001 , 
2 . 1 0 6  * 0 . 6 5 5 1 ,  1 . 8 8 8 *  1 .5 5 4 1 .
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10 .1 3
1 0 .1 4
10 .1 3
10 .1 6
' v
1 0 .1 7
1 0 .1 8
l u .  19
\ K
r
k
2 7 , 9 2 , 1 4 2 , 1 3 7 , 9 6 , 5 1 , 2 1 , 6 , 1 ;
0 , 1 , 1.923  * 0 . 2 6 9 1 ,  0 . 8 0 2 * 1 . 8 1 7 1 ,  
1 . 9 u 2 ±  1 . 4311 , 2 . 5 7 5 * 1 . 0 8 3 1 .
2 6 , 9 0 , 1 4 0 , 1 5 5 , 9 4 , 5 1 , 2 1 , 6 , 1 ;  
0 , 1 , 2 , 2 . 5 0 4 ,  0 . 7 8 8 * 1 .7 6 9 1 ,  
2 . 057* 0 . 7001 , 2 . 0 0 5 *  1 . 7051 .
5 0 , 1 0 1 , 1 5 5 , 1 4 9 ,  1 0 2 ,5 5 ,  2 1 , 6 , 1 ;  
0 , 1 , 2 , 2 . 4 0 7 ,  0 . 8 0 9 * 1 . 9511 , 
2 . 1 5 7 * 0 .7 8 5 1 ,  1 . 8 5 0 * 1 . 4 8 7 1 .
/ \  2 5 ,85 ,129,128,92 ,50 ,2 1 ,6 ,1 ;
J W  0 , 1 , 0 . 8 4 6  * 1.7554 1 . 9 7 5 *  0 .2 8 2 1 ,  
V  1 .8 7 3  * 1 .2 0 3 1 ,  2 . 5u6 * 1 . 5571 .
5 2 , 1 0 7 , 1 6 5 , 1 5 6 , 1 0 6 , 5 4 , 2 1 , 6 , 1 ;
0 , 1 , 2 , 2 . 592 , 0 . 8 0 5 *  2 . 0121 ,
1 . 7 2 6 *  1 .4 1 9 1 ,  2 . 2 7 5 * 0 . 7711 .
0 , 0 , 4 , 1 6 , 2 8 , 2 8 , 1 7 , 6 , 1 ;  
0 , 1 , 1 , 1 ,2 ,2,2 * 1 , 2 * 1 .
5 6 , 1 2 0 , 1 8 0 , 1 7 0 , 1 1 4 , 5 6 , 2 1 , 6 , 1 ;
0 , 1 , 2 , 2 . 205 , 1 . 5 7 4 * 1 . 5751 , 
0 . 775* 2 . 1571 , 2 . 5 4 9 * 0 . 6811 .
C P e t e r s e n ' s  ( j raph j
517 , 1325 ,2 6 6 2 ,5 4 1 8 ,5 2 4 5 ,2 4 5 1 ,  
1 4 9 2 , 7 6 4 , 5 5 0 , 1 2 0 , 5 6 , 8 , 1 ;
0 , 1 , 1 . 7 8 4  * 0 .4 2 7 1 ,  1 . 0 4 2 * 1 . 6 9 5 1 ,  
0 .2 1 8  * 1 . 9 9 8 1 ,  1 . 7 9 7 *  1 .4 8 5 1 ,  
2 .5 4 7  * 0 . 6 0 4 1 ,  2 .6 1 5  * 1 . 1 1 4 1 .
(.Heawood's G raph)
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1 1 , 2 5 , 2 0 , 7 , 1 ;
0 , 1 , 2 , 2 . 5 4 7 ,  5 . 2 2 7 ± 1 . 4 6 8 1
 ^ (^uctahedron)
7 3 , 1 1 9 , 2 1 9 , 1 2 9 , 4 5 , 9 , 1 ;
0 , 1 , 2 . 5 5 4  t i . 561i ,  2 . 8 o 2 ± 3 .0 9 7 1 ,  
2 . 1 4 3 ± Û .1571.
* (
The f i n a l  two p o l y n o m i a l s ,  wh ich  f o l l o w ,  were  n o t  
o b t a i n e d  u s i n g  t h e  a l g o r i t h m  o f  c h a p t e r  2 b u t  a r e  
I n c l u d e d  f o r  c o m p l e t e n e s s .  o e c a u se  o f  t h e  s i z e  o f  t h e  
c o e f f i c i e n t s  t h e y  have  b e e n  l e f t  I n  t h e  form  I n  w hich  
t h e y  were  f o u n d .
( I c o s a h e d r o n ) 2 0170 ,  - 4 0 2 4 0 ,  36408,
- 1 9 6 9 8 , 6 9 9 9 , - 1 6 7 0 , 2 6 0 ,
- 2 4 , 1 ;
0 , 1 , 2 , 3 , 2 . 6 1 8 , 3 , 2 2 3 ,
3 .6 1 7  t l . 7 7 6 i ,  3 . 7 5 5 ± 0 . 4 o 4 i ,  
1 . 7u7 ± 2 . 721i .
The c o e f f i c i e n t s  g i v e n  a r e
(D odecahedron)
The c o e f f i c i e n t s  g i v e n  a r e  • • • , n ,7
where =. n(<\-v)(,2.-t\) X.
4 4 1 2 ,2 1 3 0 2 ,5 0 6 4 8 ,  80332,
96556,  94 1 1 8 ,7 7 7 0 2 ,  56048,  
36u52, 20890 ,  10912,  5104 ,  
2 1 1 2 ,7 5 9 ,  2 3 0 , 5 6 , 1 0 , 1 ;  
0 , 1 , 2 , 2 . 6 6 0 ,  2 . 3 6 6 *  0 .9 1 6 1 ,  
2 . 0 8 9  * 0 . 3 6 3 1 ,  1 .8 5 3  * 1 . 4 0 1 1 ,  
2 . 5 3 9 *  0 .2 3 5 1 ,  1 .3 1 1  * 1 . 5211 , 
0 . 6 3 6 * 1 . 9 9 9 1 ,  - 0 . 0 0 9 *  1 .4 6 9 1 ,  
1 .3 8 5  * 1 .8 6 2 1 .
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N o te s :
1)  The c h ro m a t i c  p o ly n o m ia l  of  Heawood 's
g r a p h  was found  i n  c o - o p e r a t i o n  w i t h  N.L. B ig g s  
and E.M. L a m a r e l l .
2 )  The c h r o m a t i c  p o ly n o m ia l  o f  t h e  I c o s a h e d r o n
i s  due t o  Whitney  [22^
3)  The c h ro m a t i c  p o ly n o m ia l  o f  t h e  D odecahedron
was found  u s i n g  a r e d u c t i o n  f o r  g r a p h s  c o n t a i n i n g  
t h e  c o n f i g u r a t i o n .
w i t h  o t h e r  e d g e s  of  t h e  g ra p h  i n c i d e n t  o n ly  a t  t h e  
u n i v a l e n t  v e r t i c e s  o f  t h i s  c o n f i g u r a t i o n * .
I h e  d o d e c a h e d r o n  c o n t a i n s  t h e  c o n f i g u r a t i o n  t w i c e  
and t h e  c h r o m a t i c  p o ly n o m ia l  i s  r e a d i l y  fo u n d .
xhe c a l c u l a t i o n s  have  b e e n  c a r e f u l l y  checked b u t  
i f  f u r t h e r  v e r i f i c a t i o n  i s  r e q u i r e d  t h i s  p o ly n o m ia l  
g i v e s  7,2wO 3 - c o l o u r i n g s  of  t h e  d o d e c a h e d r o n  w h ich  
a g r e e s  w i t h  t h e  144- g i v e n  i n  [ 2 ]  a f t e r  t a k i n g  
a c c o u n t  o f  p e r m u t a t i o n s  n o t  c o n s i d e r e d  t h e r e .  A l s o ,  
a t  t h e  s u g g e s t i o n  o f  P r o f e s s o r  T u t t e , t h e  v a l u e  a t
X  ( -   ^ se e  c h a p t e r  6 ) h a s  b e e n
compared w i t h  t h a t  o f  t h e  d u a l  o f  t h e  t r u n c a t e d  
i c o s a h e d r o n  (jLO) and shown t o  s a t i s f y  2 . 2  o f  ^18^ •
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5 .  P r o p e r t i e s  o f  t h e  T u t t e  p o l y n o m i a l .
The f i r s t  r e s u l t s  i n  t h i s  c h a p t e r  a r e  r e d u c t i o n s  of 
t h e  T u t t e  p o ly n o m ia l  o f  c o m p o s i te  g r a p h s ;  w hich  a r e  
r e l a t e d  t o  t h e  b a s i c  r e l a t i o n  *
%  (G , -  9C. C,Ge ) + OC *>
f o r  any edge e o f  0 t h a t  i s  n e i t h e r  a lo o p  n o r  
an  i s t h m u s .  The r e s t  o f  t h e  c h a p t e r  i s  made up of  
r e l a t i o n s  b e tw e e n  t h e  c o e f f i c i e n t s  o f  t h e  T u t t e  
p o ly n o m ia l  and such  i n v a r i a n t s  o f  t h e  g ra p h  a s  t h e  
g i r t h  and c o n n e c t i v i t y .
pemma 3 . 1 :  Let  H be  t h e  g ra p h  c o n s t r u c t e d  f rom  t h e
g rap h  G * ( V ,E , ê )  by  i n t r o d u c i n g  a new v e r t e x  v  and
j o i n i n g  i t  b y  a n  edge t o  e a c h  member o f  a s u b s e t  Wç*V 
So H = (   ^ E  u W \  ^   ^ I w ' l
where \ E. = L
j - LuD , o '  <b W'
Then t h e  T u t t e  p o ly n o m ia l  of  H i s  g i v e n  by
H  = Gr + Y_ 1 )-L/
where S ranges over all non-empty sub-sets of W
and /% d e n o t e s  t h e  g ra p h  o b t a i n e d  from  G b y  i d e n t i f y i n g
a l l  t h e  v e r t i c e s  i n  S  .
= ( V o V ^ - ' s . ,  e ,  v )
where  i f  L O  =- ^
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i f   ^ u . ,^S>
V i f
i f  W a V , Ji i s  som etim es  c a l l e d  t h e  cone on G.
P r o o f . Le t  t h e  v e r t i c e s  o f  W be  o r d e r e d  b y  a t o t a l
ordering <, , and denote them by ^1,2, .
Denote  by  t h e  g ra p h  o b t a i n e d  from  H by  d e l e t i n g
those edges joining v to vertices toeW satisfying
o  >  Us . ih u s  H p = H.
P o r  S  W   ^ , > ^ ^ 1  w i t h
< v ^   ^ d e n o te  by G ^ t h e  g r a p h
o b t a i n e d  f rom  by j o i n i n g  by an  edge n o t  i n  G
t h e  v e r t e x  v t o  t h o s e  v e r t i c e s  t o e W  s a t i s f y i n g  v^..^<.o<v,
F i n a l l y  d e n o te  b y  ICcy t h e  g r a p h  c o n s t r u c t e d !
f rom  G by  j o i n i n g  v e r t e x  cyvl by an  edge t o  e ac h
v e r t e x  loeW s a t i s f y i n g  oo ^  cy ( ° y <  -
No^ a p p l y i n g  % we h ave  ( a l l  f o r  T u t t e  p o l y n o m i a l s )
I4j = X- Or ^
and so
Also
\"A ~
H  - + Ky ^2.-^ - '  • + Kp_t 2 )
\<u = *  Gr''-'“ ' U  . . . s W ^  p-V
a M  ^   ^  -..........
3 )
f  o r  Us y <. . <xWc- ^  Ÿ
Note t h a t  a G f o r  a l l  U e W  and i f
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Hence u s i n g  2 )  and 3 )  we o b t a i n  an  e x p r e s s i o n  f o r  
H i n  t h e  form
H = îcG- t- ^
(lU-l’^ Cr + 7L  4 ;
f o r  some c o e f f i c i e n t s  .
TO com p le te  t h e  p r o o f  we show by i n d u c t i o n  t h a t  
f o r  a l l  r" s a t i s f y i n g  \-^  r- ^  i n  t h e  p a r t i a l
e x p a n s i o n  of  H -  x.G i n v o l v i n g  o n ly  t e r m s  
and Cr"^ where r - \  . and \t \ < t- a l l
c o e f f i c i e n t s  a r e  +1 ( e x c e p t  h a v in g  c o e f f i c i e n t
0 ).
a q u a t i o n  2 )  y i e l d s  t h e  r e s u l t  f o r  r  = 2 on 
s u b s t i t u t i n g  once f o r  t h e
I f  V l e t  % = ...
Then a p p l y i n g  3 )  t o  t h e  p a r t i a l  e x p a n s i o n  of  
VA-->cQr a t e r m  o n ly  o c c u r s  i n  t h e  e x p a n s i o n  of
and i n  t h a t  e x p a n s i o n  i t  h a s  c o e f f i c i e n t  1. 
S i m i l a r l y  f o r  t e rm s
Thus b y  i n d u c t i o n  t h e  r e s u l t  i s  t r u e  when r  = p 
so  i n  4 ) Os -  \ f o r  a l l  S  W , ^
Lemma 3 . 2  : Let  G »  ^ H a C ^
be g r a p h s  and l e t  o. and
, i-T.Ce-x') ^ . Denote  by  Gr%
G-" , M '  \A" t h e  g ra p h s
r e s p e c t i v e l y .  L e t  G, be t h e  g r a p h  formed by  
i d e n t i f y i n g  i n  G  ^ and H^ t h e  v e r t i c e s  u ,  and u^  
and t h e  v e r t i c e s  v, and v ^  and l e t  be  t h e
55
g ra p h  formed by  i d e n t i f y i n g  U u  and H t h e  e d g e s  e ,  
and Cj, (.so t h a t  G ^  i s  j u s t  G  ^ w i t h  a n  a d d i t i o n a l  
e d g e ) .
Then t h e  l u t t e  p o l y n o m i a l s  o f  G  ^ and G^ a r e  g i v e n
by
i )  Çy\-\* ~ G -  G H 4- G--1)G H \
( T h is  second  r e s u l t  r e d u c e s  t o  t h e  w e l l  known 
r e s u l t  f o r  c h ro m a t i c  p o l y n o m i a l s  g i v e n  i n  \l5"\ 
when t h e  v a l u e  y  = 0 i s  s u b s t i t u t e d .  ')
P r o o f  : i )  We p ro c e e d  v i a  t h e  W hitney  Sank p o l y n o m i a l
and th e o re m  1 . 2 .
R e c a l l  t h a t  P(G^ x ,  y )  i s  d e f i n e d  by
R C g ' , - . ^ ' )  = z 5 )
t h e  summation  b e i n g  o v e r  a l l  s p a n n in g  s u b g ra p h s  H of G.
Now t h e r e  i s  a b i j e c t i o n  b e tw ee n  t h e  sp a n n in g  
s u b g r a p h s  o f  G, and p a i r s  o f  sp a n n in g  su b g r a p h s  o f  
G ' ana H' _ R e p r e s e n t  t h i s  by
G-;. ^ C )
Then t h e  e x p r e s s i o n  b ) f o r  R (G ; x ,  y )  may be  
s p l i t  i n t o  f o u r  p a r t s  c o r r e s p o n d i n g  t o  t h e  f o u r  
p o s s i b i l i t i e s  o f  w h e th e r  o r  n o t   ^ and
a r e  i n  t h e  same component of  G f and
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a r e  i n  t h e  same component o f  H .
A l s o  fi ( G ' ;  X ,  y )  = %_ ^
s j
and t h i s  i n  t u r n  may be s p l i t  i n t o  two p a r t s  
a c c o r d i n g  a s  a r e / a r e  n o t  i n  t h e  same
component  o f  G /  . L e t  t h e  two p a r t s  be v^ ')
ana  R ^ ' r e s p e c t i v e l y .  b i m i l a i l y  s p l i t  up 
R ( H ' ;  X ,  y )  so t h a t
C o n s i d e r i n g  s u b g ra p h s  of  G and H i n  a manner 
s i m i l a r  t o  t h a t  used  i n  lemma 1 .1  we r e a d i l y  o b t a i n
R C h "', RiC-x-.'j,') *
6>
7)
Now i n  t h e  c a s e  when u ,  and v   ^ a r e  i n  t h e  same 
component  o f  G /  and u ^ and v ^  a r e  i n  t h e  same 
component o f  H / t h e n  t h e  number o f  components  i n  
G  ^ i s  one l e s s  t h a n  t h e  sum of  t h e  number of  
com ponents  i n  G /  and H . I n  t h e  o t h e r  t h r e e  
c a s e s  t h e  number o f  components  i n  G i s  two l e s s  
t h a n  th \ .a t  sum, and i n  a l l  c a s e s  t h e  number of  
v e r t i c e s  i n  G. i s  two l e s s  t h a n  t h e  sum o f  t h e  numberc y /
o f  v e r t i c e s  i n  G  ^ and H  ^ . Hence
E q u a t i o n s  6 ) ,  7)  and 8 )  t o g e t h e r  y i e l d  a r e l a t i o n  
b e tw e e n  t h e  Whitney Rank p o ly n o m i a l s  o f  G  ^  ^ G  ^ G ,
H ' and H " :
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1. e .
Now
Ü , = ^  (.G- - G-"Xw -  H") * ($-'- ^  X** ~ 1)
■ir (_G r" -  !6  C r 'X ^ - *  - H " )  *  (_G - -  ^ C r ' X w  -  ^
« .  =- Cr'vA' - Ç . V '
and so b y  t r a n s f o r m i n g  9 )  by  >c and
—■'> \ and m u l t i p l y i n g  by
G ives
x Cg ,->>^,^') = Y - ~ -~  U - ' X ' ^ ' . X w ' - e H " - C r " u  * c v 'H " ; \
where  on t h e  r i g h t  hand s i d e
G -  R  > "i-T  ^ , e t c .
b i n c e  g " and H ' have one l e s s  v e r t e x  t h a n  G  ^ and a '  
r e s p e c t i v e l y ,  t h e  r e s u l t  fol lows.
i i )  T h i s  f o l l o w s  f rom  i )  b y  a s im p le  a p p l i c a t i o n  
o f  ^  . a
I t  sh o u ld  be  n o te d  t h a t  t h e  r e s u l t s  o f  lemma 3 .2  
may he  c o n s i d e r e d  a s  t h e  i n t e r p r e t a t i o n  t o  c o g r a p h i c  
m a t r o i d s  o f  th eo rem  5 .1 5  o f  B ry la w sk i  [_7~i •
L e t  t ( i , j )  be  t h e  number o f  s p a n n in g  t r e e s  o f  t h e
g ra p h  Ü w i t h  i n t e r n a l  a c t i m t y  i  and e x t e r n a l  a c t i v i t y  j
( s o  t h a t  t ( i , j )  i s  t h e  c o e f f i c i e n t  o f  )L*' 
i n  X   ^ >  O .
L e t  ivv =r \   ^ \ e (  = rv\  ^ g i r t h  G = Y ^
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and edge c o n n e c t i v i t y  of  G = X
Assume G h a s  no i s t h m u s e s  o r  l o o p s  ( f o r  e v e r y  
i s t h m u s  o r  lo o p  j u s t  m u l t i p l i e s  "X(^G) b y  a
f a c t o r  X o r  y r e s p e c t i v e l y ) .
Lemma 3 . 5 :  i ) = I -,
no
, , V / w i t h  e q u a l i t y  i f
i i i )  )
m u l t i p l e  e d g e s ,  
u
V > 3
i v )  b ( o , m - n w )  = V ;
v )  L  ( L, Y  > O ^ ^  ",
V i )  b  C \ , l ') >  O  <=4^ L ^ r r v - n - v a - X  ;
v i i /  bO,<Y) = b  L o ,
P r o o f : The f i r s t  t h r e e  r e s u l t s  may be deduced
f ro m  t h e  c o r r e s p o n d i n g  p r o p e r t i e s  o f  t h e  c h r o m a t i c  
p o l y n o m i a l  o f  G , b u t  we s h a l l  p ro v e  t h e n  a s  r e s u l t s  
c o n c e r n i n g  t h e  i n t e r n a l  and e x t e r n a l  a c t i v i t i e s  o f  
s p a n n in g  t r e e s  so t h a t  t h e  a n a l a g o u s  r e s u l t s  f o r  
m a t r o i d s  c an  be s e e n  t o  be t r u e .
A l l  t h e  p r o o f s  depend  on t h e  c r u c i a l  t h e o r e m  o f  
T u t t e  [_16*] t h a t  t h e  T u t t e  p o l y n o m i a l  i s  i n d e p e n d e n t  of
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t h e  o r d e r i n g  of  t h e  e d g e s .  F o r  s i m p l i c i t y  we 
r e p r e s e n t  t h e  o r d e r i n g  a s  a l a b e l l i n g  o f  t h e  e d g e s  
by  t h e  i n t e g e r s  [ l , 2 , . . . ,  m] .
i )  L e t  t h e  e d ges  o f  G be  l a b e l l e d  so  t h a t  t h e  
l a r g e s t  l a b e l s  a r e  a s s i g n e d  t o  t h e  e d g e s  of  a s p a n n in g  
t r e e  T. Then i t  i s  c l e a r  t h a t  e ( T )  = 0 and
i ( T )  = a  - 1 .
iwow i f  T ' i s  any o t h e r  sp a n n in g  t r e e  of  G l e t  a 
be an edge (and t h e  l a b e l  a s s i g n e d  t o  t h e  e d g e)  of  T *  
n o t  i n  T. We show t h a t  a i s  n o t  i n t e r n a l l y  a c t i v e  
w i t h  r e s p e c t  t o  T , and t h a t  t h a t  T i s  t h e  o n ly  
s p a n n in g  t r e e  w i t h  i n t e r n a l / e x t e r n a l  a c t i v i t i e s  n - l / o .
Le t  G be  t h e  c i r c u i t  o f  a w i t h  r e s p e c t  t o  T
so  t h a t  u i s  a p a t h  i n  G b e tw ee n  t h e  two components
o f  T  ^ -  ^ a ^  . Then a t  l e a s t  one edge o f  C i s  i n
t h e  c u t  s e t  o f  a w i t h  r e s p e c t  t o  T * and so a i s  n o t  
i n t e r n a l l y  a c t i v e  i n  T ' .
i i )  L e t  t h e  e d g es  be l a b e l l e d  a s  i n  i )  and l e t  I  and
a have  t h e  same m eaning .  Let  C be  t h e  c i r c u i t  o f  a
w i t h  r e s p e c t  t o  T and l e t  b be  t h e  s m a l l e s t  edge
(edge h a v in g  t h e  s m a l l e s t  l a b e l )  o f  C. Denote  b y  
t h e  s p a n n in g  t r e e  (t -  t'ai) u (making no d i s t i n c t i o n
b e tw e e n  t h e  t r e e  and i t s  edge s e t  a s  t h e  meaning i s  
c l e a r ) .  ,As above a i s  n o t  i n t e r n a l l y  a c t i v e  w i t h  
r e s p e c t  t o  T o . , b u t  e v e r y  o t h e r  edge of  T & i s  , 
s i n c e  t h e  o n l y  ed ges  h a v in g  b i n  t h e i r  c u t  s e t s  a r e
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t h o s e  o f  (c -  u and by  d e f i n i t i o n  t h e s e  a r e
a l l  g r e a t e r  t h a n  b ( e x c e p t  a )  . I f  any  edge o f  0
o t h e r  t h a n  b i s  c h o se n  f o r  i n t e r c h a n g e  w i t h  a t h e n
i n  t h e  r e s u l t i n g  t r e e  b o t h  a and b a r e  n o t  i n t e r n a l l y  
a c t i v e .
S in c e  t h e r e  a r e  no m u l t i p l e  e d g es  t h e  o n ly  edge 
w hich  c o u ld  be e x t e r n a l l y  a c t i v e  w i t h  r e s p e c t  t o  i v  
i s  b ,  b u t  t h e  c i r c u i t  of  b w i t h  r e s p e c t  t o  i s
(p, - o tcx.!, and by  d e f i n i t i o n  t h i s  c o n t a i n s  an
edge g r e a t e r  t h a n  b .
Thus we have c o n s t r u c t e d  r r \ - a - v \  s p a n n in g
t r e e s  o f  G- c o n t r i b u t i n g  t o  t ( a - x , 0 ) .  But  i n  i )
we showed t h a t  any  edge o f  T  ^ n o t  i n  T i s  n o t  
i n t e r n a l l y  a c t i v e  so t h e s e  a r e  t h e  o n l y  s p a n n in g  
t r e e s  w i t h  i n t e r n a l / e x t e r n a l  a c t i v i t i e s  r v - 2 / o  .
i i i ) , A g a i n  f rom  i )  we s e e  t h a t  we need  o n l y  c o n s i d e r  
t h o s e  s p a n n in g  t r e e s  of  G w h ich  have no more t h a n  two 
ed g es  n o t  i n  t h e  sp a n n in g  t r e e  T ( a s  d e f i n e d  i n  i ) ) .  
F u r t h e r  t h e  methods o f  i i )  show t h a t  t h e r e  a r e  j u s t  
m - a v \  sp a n n in g  t r e e s  o f  G w i t h  i n t e r n a l /
e x t e r n a l  a c t i v i t i e s  and c o n t a i n i n g  j u s t  one
edge n o t  i n  T. These a r e  (r where &
i s  t h e  second  s m a l l e s t  edge of C .
A l l  s p a n n in g  t r e e s  c o n t r i b u t i n g  t o  bC^"'2>,o') 
and c o n t a i n i n g  two edg es  n o t  i n  T may be  c o n s t r u c t e d
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b y  a s i n g l e  i n s e r t i o n  and d e l e t i o n  f rom  t h e  m-rv-v! 
t r e e s  fo u n d  i n  i i )  ( f o r  t h e  c o n s t r u c t i o n  c a n  a lw ays
r e v e r s e d )  and p r o v id e d  t h e r e  i s  no c i r c u i t  o f  l e n g t h
5 t h i s  y i e l d s  ~ t r e e s .
Thus ^
w i t h  e q u a l i t y  i f  X >  3>
i v )  A s s i g n i n g  t h e  n - \  s m a l l e s t  l a b e l s  t o  a s p a n n in g
t r e e  t o g e t h e r  w i t h  an  argument  s i m i l a r  r o  t h a t  
u sed  i n  i ) ,  y i e l d s  t h e  r e s u l t .
a l t e r n a t i v e l y  t h e  g ra p h  mmy be c o n s i d e r e d  a s  a 
m a t r o id  and d u a l i t y  i n v o k e d .
The r e s u l t s  d u a l  t o  i i )  and i i i )  a r e  o m i t t e d .
v )  Let  t h e  e d g es  of  G be l a b e l l e d  so t h a t  t h e
l a r g e s t  l a b e l  i s  a s s i g n e d  t o  an  edge o f  a c i r c u i t  C 
of  l e n g t h  X , and t h e  n e x t  l a b e l s  are* a s s i g n e d
t o  t h e  e d g e s  o f  a s p a n in g  t r e e  T of  G t h a t  c o n t a i n s  
e v e r y  o t h e r  edge o f  C.
Then c l e a r l y  v l T ) » rv-Ni , s-Ct ') ■* I .
Now l e t  T j  be a sp a n n in g  t r e e  of  G w i t h  \
Le t  e ,  be  t h e  s m a l l e s t  edge o f  T  ^ w h ich  i s  i n t e r n a l l y  
a c t i v e  and l e t  be  t h e  l a r g e s t  edge i n  t h e  c u t  s e t
o f  e ,  w i t h  r e s p e c t  t o  T  ^ , Le t  T ^ be  t h e
t r e e  (t , -
Tiien = I <x(\& *= ^ - \  .
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The r e s u l t  f o l l o w s  by i n d u c t i o n ,  and t h e  o b s e r v a t i o n  
t h a t  i f  e, i s  e x t e r n a l l y  a c t i v e  w i t h  r e s p e c t  t o  T% 
t h e n  e v e r y  edge i n  t h e  c i r c u i t  o f  e. i s  n o t  i n t e r n a l l y  
a c t i v e  so L <  n -  ^
v i )  T h i s  i s  p roved  s i m i l a r l y  t o  v )  o r  b y  t h e  d u a l i t y .
v i i )  Le t  T be a sp a n n in g  t r e e  w i t h  i n t e r n a l  a c t i v i t y  
1 and e x t e r n a l  a c t i v i t y  u .  Then t h e  edge m i s  i n  T 
f o r  o t h e r w i s e  i t  i s  e x t e r n a l l y  a c t i v e ,  and t h u s  t h e  edge 
m-1 i s  n o t  i n  T, f o r  o t h e r w i s e  b o t h  m and m-1 a r e  
i n t e r n a l l y  a c t i v e .  A lso  m-1 i s  n o t  e x t e r n a l l y  a c t i v e  
so m i s  i n  t h e  c i r c u i t  o f  m-1.
Let  T' be  t h e  s p a n n in g  t r e e  (t -  o
C l e a r l y  t  = O  and = I
T h i s  c o n s t r u c t i o n  s e t s  up a b i j e c t i o n  b e tw e e n  t h e  two 
s e t s  of  s p a n n in g  t r e e s  so b (o ,» ’) -  ^
The n a t u r e  o f  t h e  p r o o f s  g i v e n  above i s  such  t h a t  
t h e  v a l i d i t y  o f  t h e  r e s u l t s  when a p p l i e d  t o  m a t r o i d s  i s  
c l e a r  ( u s i n g  G r a p o ' s  g e n e r a l i s a t i o n  of  i n t e r n a l  and 
e x t e r n a l  a c t i v i t y ) .
F i n a l l y  we n o te  t h a t  o b s e r v a t i o n  s u g g e s t s  t h a t  t h e  
c o n j e c t u r e  s t a t e d  by  Read [15] c o n c e r n i n g  t h e  c o e f f i c i e n t s  
o f  t h e  chromatJTic p o ly n o m ia l  may be e x te n d e d  t o  t h e  T u t t e  
p o l y n o m i a l  a s  f o l l o w s .
W ith  t h e  n o t a t i o n  o f  lemma 3 .5  n o t  b o t h  o f
b C i . - b  > b l l ,  X') <  ,
and n o t  b o t h  o f  b  ^  ^
a r e  t r u e  f o r  any  i , j .
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4 .  R e c u r s i v e  F a m i l i e s  o f  Graphs.
A r e c u r s i v e  f a m i l y  o f  g r a p h s  i s  d e f i n e d  t o  he an 
i n f i n i t e  s e q uen ce  of g r a p h s  whose T u t t e  p o l y n o m i a l s
s a t i s f y  a homogeneous l i n e a r  r e c u r r e n c e  r e l a t i o n  o f  t h e  
fo rm
where  ^ ^  p  ^ i s  a f i x e d  p o l y ­
n o m ia l  i n  X and y .
I n  o r d e r  t o  e l i m i n a t e  u n i n t e r e s t i n g  c a s e s  we 
f u r t h e r  s t i p u l a t e  t h a t  no subsequence  o f  a r e c u r s i v e  
f a m i l y  may be a r e c u r s i v e  f a m i l y .  F o r  i n s t a n c e  i f  
^  and a r e  b o t h  f a m i l i e s
s a t i s f y i n g  1) above t h e n  t h e  sequence  d e f i n e d  by
s a t i s f i e s  t n e  r e l a t i o n
b u t  we do n o t  c a l l  t h e  sequence  ^K,(\ a r e c u r s i v e  
f a m i l y .
The s m a l l e s t  i n t e g e r  p such  t h a t  s a t i s f i e s
a r e l a t i o n  o f  t h e  form of  1) i s  c a l l e d  t h e  r e c u r s i v e n e s s  
p f  t h e  f a m i l y ,  -
The n e x t  c h a p t e r  i s  g i v e n  o v e r  t o  t h e  c o n s i d e r a t i o n  
o f  some p a r t i c u l a r  f a m i l i e s ,  b u t  a s  a s im p le  example  
l e t  Cr\  be t h e  g rap h  whose v e r t i c e s  and e d g e s  a r e  
t h o s e  of  an  n -  gon.
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Using t h e  r e c u r s i o n
G = G-e. -V-
2 )
we r e a d i l y  o b t a i n  t h e  r e c u r r e n c e  r e l a t i o n
F o r  t h e  T u t t e  p o ly n o m ia l  o f  C ^ . Thus t h e
r e c u r s i v e n e s s  o f  th e  f a m i l y  o f  n - g o n s  i s  2 .  The 
r e c u r r e n c e  r e l a t i o n  2 )  may be  s o lv e d  i n  t h e  u s u a l  way 
( s e e ,  f o r  example  \_ll]  ) t o  g iv e
-=  ^+ X-  ^^ . . .  ^  ^
w hich  may be v e r i f i e d  by  i n d u c t i o n .
Lemma 4 . 1  : I f  i s  a r e c u r s i v e  f a m i l y  o f  g r a p h s ,
w i t h  G-p, :=  ^ t h e n  t W ^ \ \  and
a r e  b o t h  m o n o to n i v a l l y  i n c r e a s i n g  s e q u e n c e s .
P r o o f  : The h i g h e s t  powers  o f  x  and y  a p p e a r i n g  i n
X  (Gr^ a re  and + \
r e s p e c t i v e l y .  Gince t h e  c o e f f i c i e n t s  ^
a r e  p o l y n o m i a l s  i n  x  and y  c o n t a i n i n g  o n ly  non­
n e g a t i v e  powers  W a I ^  W ^ - i l  , n > Z  ,
and \ £ ^ \  -  \ ^  \ -  \  ^ n  > z  .
Thus \ -  W a-A ^ O
and \ ^  ^  G)
a
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Lemma 4 , 2  ; I f  i s  a r e c u r s i v e  f a m i l y  of
g r a p h s  and d e n o t e s  t h e  a v e r a g e  v a l e n c y  of
G-„ (  )  >
t h e n  e i t h e r  i s  a bounded  seq u en c e  o r
I Y py  ^ i s  c o n s t a n t  f o r  a l l  b u t  a f i n i t e  number
of  G A •
P r o o f  : I f  i s  a n  unbounded seq u en c e  a t
l e a s t  one of  t h e  c o e f f i c i e n t s  Cv-^  c o n t a i n s
a non  z e r o  power o f  x .
Thus i Ç  (a ' )  i s  t h e  h i g h e s t  power o f  x  i n
f o r  some c o n s t a n t  B  ^d e p e d i n g  on t h e  f i r s t  p g r a p h s
i n  t h e  f a m i l y .  So ^
a l s o  i f  i s  t h e  h i g h e s t  power  o f y  i n
' )  X ,
where  J3 ^ i s  t h e  h i g h e s t  power o f  y  a p p e a r i n g  i n  
any  o f  t h e  c o e f f i c i e n t s  , and
i s  a c o n s t a n t  d e p e n d in g  on t h e  f i r s t  p g r a p h s  i n  t h e  
f a m i l y .
jLtiOw ,
A ^ A \ ^  W a\ \
= + ^ 3  4- z
f o r  a l l  n  >  p.  Q
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( I f  Wa\ i s  c o n s t a n t  f o r  a l l  b u t  a f i n i t e  number o f  
G A i t  i s  c o n s t a n t  f o r  a l l  n > p  . ^ u r t h e r  s i n c e  
t h e  t e r m  of % (  ^  i n c l u d i n g  t h e
power  ^ h a s  c o e f f i c i e n t  1 (lemma 3 . 5  i ) )
i t  f o l l o w s  t h a t  o n l y  one o f  t h e
i s  n o n - z e r o  and t h a t  t h a t  n o n - z e r o  i s
o f  t h e  fo rm  y ^  f o r  some r  ^  O  . i n  t h i s
c a s e  Lr n i s  o b t a i n e d  f rom  G b y  a d d in g  r  l o o p s . )
Lemma 4 . 3 :  I f  i s  a r e c u r s i v e  f a m i l y  of  g r a p h s
and c C.Ga') d e n o t e s  t h e  c o m p l e x i t y  o f  Grv t h e n  
t h e  s e q u e n c e  ^ I j c Cg-^ V ^  i s  bou nd ed .
x r o o f  r G(.Gr\^ - X ( G a ( E  0  and so we have
Hence
OCG/n') = 4- A- + A
where  , \ < l  ^  ^ i s  c o n s t a n t  and
a r e  t h e  r o o t s  o f  t h e  e q u a t i o n
k j   ^ ^ . . .  A- a ^ ( ' ,  Y  ^ C)
Thus C  ^ . . . -v-
p ((w ojc m<x>c lb  \ V
' \  ^Is c '
a
As a c o n s e q u e n c e  of  t h e s e  lemmas we s e e  t h a t  such  
f a m i l i e s  a s  , t h e  c o m p le te  g r a p h s ,
t h e  c o m p le t e  b i p a r t i t e  g r a p h s ,  and 'XQaI  >
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t h e  n - d i m e n s i o n a l  c u b e s  a r e  n o t  r e c u r s i v e  f a m i l i e s .
i>40te t h a t  i f  G i s  p l a n a r  f o r  a l l  n t h e n
t h e  d u a l  f a m i l y  \  i s  d e f i n e d  i n  t h e  n a t u r a l
way, and i f  i s  r e c u r s i v e  w i t h  r e c u r r e n c e  r e l a t i o n
1 ) ,  t h e n  i s  r e c u r s i v e  w i t h  r e c u r r e n c e  r e l a t i o n
The f o l l o w i n g  th e o r e m  d e s c r i b e s  a l a r g e  c l a s s  of  
r e c u r s i v e  f a m i l i e s  o f  g r a p h s  and d e m o n s t r a t e s  t h e  
c o n s t r u c t i o n  o f  t h e  r e c u r r e n c e  r e l a t i o n  s a t i s f i e d  by  
t h e i r  T u t t e  p o l y n o m i a l s .  We r e q u i r e  t h e  f o l l o w i n g  
n o t a t i o n ,  and lemma.
L e t  X and Y be  g r a p h s  w i t h  v e r t e x  s e t s  V, W.
L e t  V ' be a n  i n d e p e n d e n t  s u b s e t  o f  V ( i . e .  no p a i r  i n  
v ' a r e  j o i n e d  b y  an  edge i n  x )  w i t h  \ \ / ’\ -  n . L e t  I
be  c o n n e c t e d ,  and i f  X i s  n o t  c o n n e c t e d  l e t  V'
c o n t a i n  a t  l e a s t  one v e r t e x  f rom  e a c h  component  o f  X.
L e t  Z be  a s u b g ra p h  o f  Y w i t h  v e r t e x  s e t  W' s a t i s f y i n g  
IwVrv. L e t  be t o t a l  o r d e r i n g s  o f  t h e  s e t s  v '
and W^  and d e n o t e  t h e  o r d e r e d  s e t s  b y  .
L e t  G = X o Y (, , W p.' ^  be t h e  g r a p h
o b ta in e d :  f ro m  X and Y b y  i d e n t i f y i n g  t h e  s e t s  V ' and W* ,
p r e s e r v i n g  t h e  o r d e r i n g .
L e t  F be a p a r t i t i o n  o f  W,' o W j  u . . ,  u .
Denote  by  V p  t h e  g r a p h  c o n s t r u c t e d  froqi Y by  
i d e n t i f y i n g  a l l  t h e  v e r t i c e s  i n  e a c h  s u b s e t  VJJ ^
( s o  t h a t  h a s  - r\ + r- v e r t i c e s ) .
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Lemma 4 . 4  : The T u t t e  p o l y n o m i a l  o f  G-- Wp')
may be e x p r e s s e d  i n  t h e  fo rm
G- = Z_ t ( x , v ' , i ’')V/T,
P
where  t h e  summation  i s  t a k e n  o v e r  a l l  p a r t i t i o n s  
P o f  v '  (w hich  in d u c e  p a r t i t i o n s  P o f  w' ) and 
where  b(X ,V ' ,P )  i s  a p o l y n o m i a l  d e p e n d e n t  o n l y  on 
X, v '  and P.
r r o o f : Once a g a i n  we u se  t h e  f u n d a m e n ta l  r e l a t i o n  ^
X  (fi ^  ”  X C g « ^  ■, -s- X C g - c .  Î ,
on t h i s  o c c a s i o n  a p p l y i n g  i t  r e p e a t e d l y  t o  e v e r y
edge o f  X t h a t  i s  n e i t h e r  a l o o p  n o r  an  i s t h m u s  o f  G.
I n  t h i s  way t h e  T u t t e  p o l y n o m i a l  o f  G i s  e x p r e s s e d  a s
t h e  sum o f  T u t t e  p o l y n o m i a l s  o f  g r a p h s  w h ich  a r e
t o g e t h e r  w i t h  some l o o p s  and i s t h m u s e s  j o i n e d  a t  t h e  
W'/v e r t i c e s  o f  Ap . T h i s  i s  a n  e x p r e s s i o n  o f  t h e  
r e q u i r e d  fo rm .
I t  r e m a i n s  t o  show t h a t  t h i s  e x p r e s s i o n  i s  
i n d e p e n d e n t  o f  t h e  o r d e r  i n  w hich  ^  i s  a p p l i e d  t o  
t h e  e d g e s  o f  X. x h i s  r e q u i r e s  o n l y  a s l i g h t
m o d i f i c a t i o n  o f  S m i t h ' s  p r o o f  t h a t  h i s  d e f i n i t i o n  of  
t n e  T u t t e  p o l y n o m i a l  i s  v a l i d  [^15^ , and i s  o m i t t e d .
□
Let  X, Y, a  be  t h r e e  ^ p o s s i b l y  i s o m o r p h i c )  d i s t i n c t  
g r a p h s  and l e t  X , ,  X b e  two i s o m o r p h ic  s u b g r a p h s  o f  X 
( n o t  n e c e s s a r i l y  d i s j o i n t ) ,  Y, Y t wo i s o m o r p h ic
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s u b g r a p h s  o f  T, Z ,   ^ two i s o m o r p h ic  s u b g r a p h s
o f  ^ w i t h
z
j je t  t h e  v e r t e x  s e t s  of  X, Y, Z,  X, ,  X ^ , . . . ,  be
U,Y,W,U, , .
Now any o r d e r i n g  (X on i n d u c e s  an  o r d e r i n g  fl
on V,, b y  t h e  i so m o rp h ism  and so i f  y '  i s  t h e  g ra p h  
o b t a i n e d  by  d e l e t i n g  t h o s e  e d g e s  o f  Ï  h a v i n g  b o t h  
v e r t i c e s  i n  Y, , t h e n  t h e  g ra p h  X ^ Y^  C'-^ xec , 
i s  t h e  g r a p h  o b t a i n e d  by  i d e n t i f y i n g  t h e  s u b g r a p h s  
X^ and Yj . D eno te  t h i s g r a p h  by  X o Y (  X ^ , Y ^ )
L e t  H   ^ = XtoV C ^z  . Y, ^ and i n d u c t i v e l y  d e f i n e
V , )  5 )
where  t h e  s u b g r a p h s  X, and o f  a r e  d e f i n e d
i n d u c t i v e l y  t o  be t h e  s u b g r a p h s  X , o f  H and
Y^ o f  Y i n  5 ) .
D e f in e  two c l a s s e s  o f  f a m i l i e s  o f  g r a p h s  a s  f o l l o w s ;  
G l a s s  i )  i s  t h o s e  f a m i l i e s  o f  g r a p h s  whose t y p i c a l  
member i s
G l a s s  i i )  i s  t h o s e  f a m i l i e s  o f  g r a p h s  whose 
t y p i c a l  member i s
t h i s  s l i g h t  a b u se  o f  n o t a t i o n  m ean ing  t h a t  t h e  
i d e n t i f i c a t i o n  o f  s u b g r a p h s  t a k e s  p l a c e  i n  one g r a p h  
H ^ ( i . e .  we a r e  n o t  j o i n i n g  two i s o m o r p h ic  g r a p h s . )
As a n  example  i f  A, Y, Z a r e  a l l  i s o m o r p h ic  t o  
t h e  g r a p h
W,*
and X . , Y. , Z ,
w h i l e
V.
c o r r e s p o n d  t o
w
c o r r e s p o n d  t o
V,
t h e n  t h e  f a m i l y  o f  c l a s s  i )  a s  d e f i n e d  above h a s  
t y p i c a l  member
" v , k  •
»- ----------- .1
y - _ _ _ _
V,
and t h e  c o r r e s p o n d i n g  f a m i l y  o f  c l a s s  i i )  h a s  
t y p i c a l  member TT^ t h e  s k e l e t o n  o f  t h e
p r i s m  on v e r t i c e s
/ w ,
Theorem 4 . 1 :  The f a m i l i e s  o f  c l a s s e s  i )  and i i )  a r e
a l l  r e c u r s i v e  f a m i l i e s  o f  g r a p h s .
P r o o f :  i )  L e t  1%^ = , Z ,  )  be  a
t y p i c a l  member o f  a f a m i l y  o f  c l a s s  i ) .  Then b y  
lemma 4 . 4  (and  t h e  d e f i n i t i o n  o f  t h e  c o n s t r u c t i o n
"Z ^ 'Z, ' )  t h e  l u t t e  p o l y n o m i a l  o f  may be
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e x p r e s s e d  i n  t h e  form
T
t h e  sum m ation  b e i n g  o v e r  a l l  p a r t i t i o n s  P of  w j 
Now f o r  any  P
p r o v i d e d  t h a t
of
and Y 
Hr\
^ a r e  d i s j o i n t ^ a n d  so t h e  T u t t e  p o l y n o m i a l
i s  g i v e n  by
GL
t h e  sum m ation  b e i n g  t a k e n  o v e r  a l l  p a r t i t i o n s  Q o f
V, ( =  w,')
5 ) may be r e w r i t t e n  i n  m a t r i x  fo rm  a s  b e lo w ,  where
, . . .  ^ Ry % r e p r e s e n t s  t h e  s e t  o f  p a r t i t i o n s
o f  V
4>
5 ;
= - s
• ■ 6 )
^ >
where  b i s  a q - s q u a r e  m a t r i x  whose e n t r i e s ,  ^
a r e  t h e  c o e f f i c i e n t s  , V  ^ ,
jNow i f  ^ ( t  ) i s  t h e  minimum p o l y n o m i a l  o f  B t h e n
C VA *? ^e a c h  o f  t h e  s e t s  o f  T u t t e  p o l y n o m i a l s  ^  ^
( f i x e d  i )  s a t i s f i e s  a r e c u r r e n c e  r e l a t i o n  whose a u x i l i a r y  
e q u a t i o n  i s
'v G ') = o  .
Thus f rom  4 ) ,  a l s o  s a t i s f i e s  t h i s
r e c u r r e n c e  r e l a t i o n  w h ic h  i s  b o t h  l i n e a r  and f i n i t e ,  
and so  i s  a r e c u r s i v e  f a m i l y .
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I f  Y  ^ and a r e  n o t  d i s j o i n t
and so  e q u a t i o n  5)  i s  s t i l l  v a l i d  i n  t h i s  c a s e ,
i i )  I f  Cx^  -  i s  a t y p i c a l
member o f  a f a m i l y  of  c l a s s  i i )  d e f i n e  i n d u c t i v e l y  
by  ^  I
o X ( y ^ , Y . )
and t h e n
Gr^ - ^rs  o ) CXj.0
and so  b y  lemma 4-.4 t h e  T u t t e  p o l y n o m i a l  i s  g i v e n  by
Cr^  = X. W(X, U^oU. ,
7)
t h e  summation  b e i n g  t a k e n  o v e r  a l l  p a r t i t i o n s  P o f  LL^uLL, 
The p r o o f  now p r o c e e d s  s i m i l a r l y  t o  i )  w i t h  r e p l a c e d
b y  Kr.  ,
a
Lemma 4 . 5 :  The a u x i l i a r y  p o l y n o m i a l  ( o f  t h e
r e c u r r e n c e  r e l a t i o n  f o r  t h e  T u t t e  p o l y n o m i a l s )  o f  
a f a m i l y  o f  c l a s s  i i )  c o n t a i n s  a s  a f a c t o r  t h e  
a u x i l i a r y  e q u a t i o n  o f  t h e  c o r r e s p o n d i n g  f a m i l y  o f  c l a s s  i ) .
P r o o f  : The r e s u l t  may be d ed u ce d  f ro m  t h e
e l e m e n t a r y  m a t r i x  t h e o r y  r e s u l t  t h a t  t h e  minimum 
p o l y n o m i a l  o f  a m a t r i x  a a i v i d e s  any  p o l y n o m i a l  
s a t i s f y i n g  -  O r
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We g iv e  t h e  f o l l o w i n g  p r o o f  i n  o r d e r  t o  d e m o n s t r a t e  
t h e  c o n s t r u c t i o n  o f  t h e  o t h e r  f a c t o r .
^ q u a t i o n  7)  i s
= I- ^Vp
P r a n g i n g  o v e r  a l l  p a r t i t i o n s  o f  v LL,
we have
and
r  1 
1
= %
v_ _
8 )
P a r t i t i o n i n g  a c c o r d i n g  t o  t h o s e  P;  ^ w h ich  
have no p a r t  c o n t a i n i n g  v e r t i c e s  f rom  b o t h  U, and 
, . .. t h o s e  t h a t  do  . . .
we have
-
r "N
^  >
9)
Now e a c h  o f  t h e  f a m i l i e s  ^ 1 t  i s
o f  c l a s s  ±)  and s a t i s f i e s  t h e  same r e c u r r e n c e  r e l a t i o n ,  
s i n c e  t h e y  o n l y  d i f f e r  i n  t h e  g r a p h s  X and Z ( i n  t h e  
n o t a t i o n  o f  th e o re m  4 . 1  i )  ) and t h e  m a t r i x  B t h e r e  
o n l y  d ep en d e d  on Y. R e p r e s e n t  t h i s  r e c u r r e n c e  
r e l a t i o n  b y
Then o p e r a t i n g  on 9 )  by  j
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C
A . oo
A , C J
--
z )
A .
V.
1 0 )
and so  i f  CS/v'^ = O i s  t h e  r e c u r r e n c e
r e l a t i o n  whose a u x i l i a r y  e q u a t i o n  i s  = O
where  i s  t h e  minimum p o l y n o m i a l
of  h (w h ich  i s  t h e  l a s t  (q  -  t y  co lum ns o f  ^ , )
A o
Thus f rom  7)
-  O
and t h i s  r e c u r r e n c e  r e l a t i o n  h a s  a u x i l i a r y  e q u a t i o n
= O
where  - O  i s  t h e  a u x i l i a r y  e q u a t i o n  o f
= CD.
a
As a n  exam ple  we p ro v e  t h e  f o l l o w i n g  t h e o r e m .  
Theorem 4 . 2 ;  With  t h e  n o t a t i o n  o f  th e o r e m  4 . 1 ,  i f  
X  ^ ^  ^  I s  t h e  g r a p h
and and a r e  d i s j o i n t  and and Y^ ^
53
a r e  d i s j o i n t ,  t h e n  t h e  c l a s s  iiO f a m i l y  h a s  r e c u r s i v e n e s s  
a t  most  13 .
P r o o f  ; i )  I t  i s  c o n v e n i e n t  t o  have  a d i a g r a m m a t i c  
r e p r e s e n t a t i o n  f o r  t h e  g r a p h s .  a i n c e  t h e  o n ly
s i g n i f i c a n t  e d g e s  a r e  t h o s e  o f  X,  ^ e t c .  t h e s e
a r e  t h e  o n l y  e d g e s  shown. xhe d ia g r a m  f o r  G^ i s
V
' 1 ,V,) <k « V• i •
X V Y *
1 ... 1» » - ■ - #
a n d  i t  i s  h o p e d  t h a t  t h e  m e a n i n g  i s  c l e a r .
TO r e a c h  e q u a t i o n  4 ) ,  ^  i s  a p p l i e d  t o  a l l  e d g e s  o f  Z 
e x c e p t  t h a t  a r e  n e i t h e r  l o o p s  n o r  i s t h m u s e s ,
w, -   ^ SO t h e r e  a r e  j u s t  t w o  p a r t i t i o n s
p ,  = 
p ^  --
Thus
and 6 )  becom es
H, %
and so G h a s  r e c u r s i v e n e s s  a t  most  2 .
w
The d i a g r a m s  f o r  
H V p  )I
VA, X
r v  i T i  ' . .
f f i y i -  ' r ' f ' O
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and so t h e  T u t t e  p o l y n o m i a l  o f  c o n t a i n s  a
f a c t o r  y .  Thus t h e  c h r o m a t i c  p o l y n o m i a l  o f  u ^ o')
s a t i s f y  a r e c u r r e n c e  r e l a t i o n  o f  o r d e r  1 a s  e x p e c t e d .
i i )  The d i a g r a m  f o r  G ^ i n  t h i s  c a s e  i s
Ï
«^^-1 CO
and KXj_ i s  t h e  s e t  ^   ^ UL, i s  t h e
s e t  ë v v . i J . l
By lemma 4 . 5  we need  o n l y  c o n s i d e r  t h o s e  p a r t i t i o n s  
of  u LL  ^ f o r  w h ich  t h e r e  i s  a p a r t
c o n t a i n i n g  v e r t i c e s  f rom  b o t h  LL^ and LL, 
t h e  o t h e r s  y i e l d  o n l y  a f a c t o r  o f  d e g r e e  2 ,  o b t a i n e d  
a b o v e ,  i n  t h e  a u x i l i a r y  p o l y n o m i a l .
The o n l y  p o s s i b l e  su ch  p a r t i t i o n s  o f  ^ LL, a r e
" P ,  = > ë = \
K , ,  T ’v =  V 4 ,  1 ^ -  . ë  ,
T ' s  -
" ^ 7  = , , V A -  \ ' ' o  >
' p .  ' , V o
I t .  - I v .
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The th e o r e m  f o l l o w s  f rom  th e o re m  4 . 1 . a
The n o t i o n  o f  a r e c u r s i v e  f a m i l y  may he  e x te n d e d  
i n  t h e  n a t u r a l  way t o  m a t r o i d s .  The b a s i c
c o n s t r u c t i o n  i n  t h e  d e f i n i t i o n s  o f  c l a s s  i )  and 
c l a s s  i i )  f a m i l i e s  o f  g r a p h s  i s  t h a t  o f  co m b in in g  
two g r a p h s  b y  i d e n t i f y i n g  i s o m o r p h ic  s u b g r a p h s .
The c o r r e s p o n d i n g  c o n s t r u c t i o n  f o r  m a t r o i d s  i s  t h a t  
o f  i d e n t i f y i n g  i s o m o r p h ic  c l o s e d  s u b s e t s .  Lemmas
4 . 4  and 4 . 5  and Theorem 4 . 1  a l l  have  t h e i r  
g e n e r a l i s a t i o n s  v a l i d  f o r  m a t r o i d s  and i f  t h e  
n o t i o n  o f  i d e n t i f y i n g  v e r t i c e s  i s  r e p l a c e d  i n  t h e  
p r o o f s  g i v e n  by  t h a t  o f  c o n t r a c t i n g  e d g e s ,  t h e  p r o o f s  
o f  t h e  more g e n e r a l  r e s u l t s  s h o u ld  be  c l e a r .
(T h ere  i s  no n e c e s s i t y  f o r  t h e  i d e n t i f i e d  s u b s e t s  t o  
be  c l o s e d  b u t  t h e  a s s u m p t i o n  i n v o l v e s  no l o s s  o f  
g e n e r a l i t y . )
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5 .  E xam ples  o f  F a m i l i e s
A m a jo r  b e n e f i t  g a in e d  f rom  t h e  m ethods  d e s c r i b e d  
i n  t h e  p r e v i o u s  c h a p t e r  i s  t h a t  we c a n  c o n s i d e r  t h e  
T u t t e  and c h r o m a t i c  p o l y n o m i a l s  o f  v e r y  l a r g e  g r a p h s  
b y  r e g a r d i n g  them a s  members o f  f a m i l i e s  of g r a p h s .
I n  t h i s  c h a p t e r  we s h a l l  d e r i v e  t h e  T u t t e  p o l y n o m i a l s  
o f  some l a r g e  g r a p h s  and i n  t h e  n e x t  c h a p t e r  we s h a l l  
d i s c u s s  t h e  l o c a t i o n  o f  t h e i r  c h r o m a t i c  r o o t s .
5 .1  The s i m p l e s t  example  o f  a f a m i l y  o f  c l a s s  i )  
i s  t h e  one whose t y p i c a l  member G ^ i s  j u s t  n  e d g e s  
j o i n e d  i n  p a r a l l e l , t h u s
I n  t h i s  t r i v i a l  c a s e  t h e  T u t t e  p o l y n o m i a l s  s a t i s f y  
t h e  r e l a t i o n
-  x-G-rv — O
and so G r , and t h e  f a m i l y  h a s
r e c u r s i v e s s  1 .
5 .2  As a second  example o f  a f a m i l y  o f  c l a s s  i )  we 
c o n s i d e r  t h e  f a m i l y  whose t y p i c a l  member i s  t h e
’’l a d d e r ” on 2 n + 2 v e r t i c e s  w h ich  was m en t io n ed  
b r i e f l y  i n  t h e  d i s c u s s i o n  p r e c e d i n g  t h e o r e m  4 . 1 .
:
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An i n v e s t i g a t i o n  of  t h i s  f a m i l y  i s  a n e c e s s a r y  
p r e l i m i n a r y  t o  c o n s i d e r a t i o n  o f  t h e  n e x t  example t h e  
f a m i l y  o f  p r i s m s  (.see lemma 4 . 5 / .  I t  w i l l  a l s o  he 
u s e f u l  t o  show t h i s  i n v e s t i g a t i o n  i n  c o m p le te  d e t a i l  
a s  i t  i s  f a i r l y  s t r a i g h t f o r w a r d ,  and t h e n  omit  some of 
t h e  v o lu m in o u s  and t e d i o u s  c o m p u t a t i o n s  i n v o lv e d  i n  t h e  
l a t e r  e x a m p le s .
o o ,  u s i n g  i d e n t j j y  ^  f o r  T u t t e  p o l y n o m i a l s ,
O’ - Gr
we have  
H
A lso
hence
4-
V, V.
4-
H(y
L
X.  ^ X. -t- I
say.
— v^,
r A
r
\
A0 4
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T h u s  h  rv ( a n d  )  s a t i s f i e s  a r e c u r r e n c e
r e l a t i o n  w h o s e  a u x i l i a r y  e q u a t i o n  i s
\ 4- = O
i . e .  V = O
and so  we have
-  o
and t h e  r e c u r s i v e n e s s  o f  t h e  f a m i l y  i s  2 .
S o l v i n g  t h e  r e c u r r e n c e  i n  t h e  u s u a l  way g i v e s
where A amd B a r e  f u n c t i o n s  o f  x  and y i n d e p e n d e n t  
o f  n  and
w h e r e  (X(-v<.^c )^ =
T h e  c o n s t a n t s  A a n d  B a r e  f o u n d  f r o m  t h e  T u t t e  
p o l y n o m i a l s  o f  g r a p h s  d ^  a n d  h ^  w h i c h  a r e
X 3  -«r X .’’ 4- X . -V
a n d
r e s p e c t iv e ly .
We f  ind A + % =• x . ^
and s o A "  1 >
%  = (^X?-V>^ -VX -v2c^- .
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i n  p a r t i c u l a r  t h e  c h r o m a t i c  p o l y n o m i a l  o f  Hn. 
( p u t t i n g  o  and v - i  ;  i s
a s  we s h o u l d  e x p e c t  u s i n g  e l e m e n t a r y  m e th o d s .
F i n a l l y ,  p u t t i n g  x  = y  = 1 we f i n d  t h a t  t h e  
c o m p l e x i t y  i s
5 .5  We d e f i n e  two r e l a t e d  f a m i l i e s  o f  g r a p h s ,  t h e  
p r i s m s  and t h e  ( e v e n )  Mobius L a d d e r s . A p r i s m ,  
TT^ i s  t h e  s k e l e t o n  of  a n  n - g o n a l  p r i s m .
IT ,
•ihe g r a p h s  known a s  t h e  k o b i u s  l a d d e r s  a r e  d e f i n e d  
i n  ^ 9 ^  . We d e n o t e  by  t h e  e v e n  Mobius l a d a e r
on 2 ^ v e r t i c e s .
K
r^c\ i s  n o t  p l a n a r .
The odd Mobius l a d d e r s  d e f i n e d  i n  \_9~[ a r e  4 - v a l e n t  
and w i l l  be  c o n s i d e r e d  l a t e r .
n o t h  and a r e  f a m i l i e s  o f  c l a s s  i i )
and we f i r s t  n o t e  t h a t  t h e  r e c u r r e n c e  r e l a t i o n s  
s a t i s f i e d  b y  t h e  x u t t e  p o l y n o m i a l s  o f  b o t h  f a m i l i e s  
a r e  t h e  same, f o r  f o l l o w i n g  th eo re m  4 . 1  t h e  m a t r i x  
B i s  t n e  same f o r  b o t h  f a m i l i e s  a l t h o u g h  t h e  g r a p h s
c a l l e d  t h e r e K
c a s e s  i n  t n e  same way a s  M
d i f f e r  b e tw e e n  t h e  two 
. d i f f e r s  f rom  T L .
xhe f o l l o w i n g  i s  t h e  s u b m a t r i x  o f  B c o n e s p o n d in g  
t o  t h o s e  w h ic h  have  c o n n e c t i v i t y  >  2
( i . e .  t h o s e  of  c l a s s  i i )  ) .
\ 2 . O
0 "XL o
o o XL.
o X .
O
B ecau se  of  lemma 4 . 5  t h e  a u x i l i a r y  p o l y n o m i a l  of  
t h e  r e c u r r e n c e  r e l a t i o n  s a t i s f i e d  b y  t h e  T u t t e  
p o l y n o m i a l  o f  (and ) i s  t h e  p r o d u c t  o f
t h e  minimum p o l y n o m i a l  o f  t h i s  m a t r i x  and t h e  
p o l y n o m i a l  o f  d e g r e e  2 d e r i v e d  i n  5 . 2 .
The row s and co lum ns o f  t h e  s u b m a t r i x  above 
c o r r e s p o n d  t o  t h e  g r a p h s
%
r e s p e c t i v e l y / .
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(The o t h e r  p a r t i t i o n s  g i v e n  i n  t h e o re m  4 . 2  i i ;  a r e  
e i t h e r  e q u i v a l e n t  t o  t h e s e  o r  r e d u n d a n t . ;
Hence t h e  r e c u r r e n c e  r e l a t i o n  h a s  a u x i l i a r y  e q u a t i o n
( l -  -V- ^  -  O
and so t h e  T u t t e  p o l y n o m i a l  o f  TT^ s a t i s f i e s  
where
-V ^
0*2^  ~  2 . X ^  -V- (sx V " V  '2^>C' V S X. -V- V  ^
X ^  '* •  -V- ^  -V- X .  " V
V •*• 3> 'X ?' -V Z -A . +  ■*-
* +- Z > t - ^ Z - A ^  )
-  -  (, Za^ ^  * Z a? ^  -t- V 4. ■ ^ ';^ ') >
cx, -- '
■ fe % •
We c o u ld  now s o l v e  t h e  r e c u r r e n c e  r e l a t i o n  t o  
o b t a i n  a n  e x p l i c i t  e x p r e s s i o n  f o r  t h e  T u t t e  p o l y n o m i a l  
o f  T T ^  and (Af^ • However t h i s  w i l l
c l e a r l y  be  r a t h e r  messy and i s  u n n e c e s s a r y  s i n c e  most 
i n f o r m a t i o n  t h a t  c a n  be fou n d  f rom  t h e  T u t t e  p o l y n o m i a l  
c a n  be fo u n d  d i r e c t l y  and more s im p ly  f rom  t h e  
r e c u r r e n c e  r e l a t i o n .
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F o r  ex am p le ,  t h e  c h r o m a t i c  p o l y n o m i a l  o f  t h e  
p r i s m s  i s  fo un d  by  p u t t i n g  y = 0.  T h i s  r e d u c e s
t h e  a u x i l i a r y  e q u a t i o n  t o
and so s u b s t i t u t i n g  ^  we o b t a i n
■ p c t r , ccz-î-V 4-Z)U’--i*-‘3>y;
where  A, B, C and D a r e  p o l y n o m i a l s  i n  i t   ^ i n d e p e n d e n t  
o f  n  # ih e  c h r o m a t i c  p o l y n o m i a l s  o f
i s  g i v e n  b y  a s i m i l a r  e x p r e s s i o n  d i f f e r i n g  o n l y  i n  
t h e  c o n s t a n t s .  Using  t h e  c h r o m a t i c  p o l y n o m i a l s  f o r  
TT^ and N\/\ when = 2 , 3 , 4  and 5 ,
which  a r e  g i v e n  i n  t h e  a p p e n d i x  t o  c h a p t e r  2 we 
c a l c u l a t e  t h e  c o n s t a n t s  and o b t a i n
and
’ -I -  4,
i n  a s i m i l a r  way we f i n d  t h e  c o m p l e x i t y  o f  TT% 
and fA^ b y  p u t t i n g  x  = y = 1 i n  t h e  r e c u r r e n c e  
r e l a t i o n ,  r e d u c i n g  i t s  a u x i l i a r y  e q u a t i o n  t o  
(j -  V -  1 1  ^  = o
so
c  C n^ ') = A<\ + V * Cti»*- ^ ^
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f o r  some r e a l  c o n s t a n t s  A ,B ,G ,D ,E  and F a n d  
s i m i l a r l y  f o r
U s in g  d i r e c t  m ethods  t o  c a l c u l a t e  and
C  f o r  s m a l l  v a l u e s  o f  y i e l d s
L z - ^ y ) i  -  n.
C C K . ' )  = + c'
t h e  second  o f  w hich  i s  g i v e n  i n  \_14*^
Now Tr^  i s  p l a n a r  and so  h a s  a d u a l  g r a p h  w h ich
i s  e a s i l y  s e e n  t o  be  t h e  s k e l e t o n  of  r h e  d o u b le  
pyram id  on a n  n -g o n ,  w h ic h  we s h a l l  c a l l  a l s o  a 
d o u b le  p y r a m id ,  and d e n o t e  b y  .
T .  = TT *
The c h r o m a t i c  p o l y n o m i a l  o f  i s  fo u n d  b y
p u t t i n g  X = 0 i n  t h e  l u t t e  p o l y n o m i a l  o f  
T h i s  s u b s t i t u t i o n  r e d u c e s  t h e  a u x i l i a r y  e q u a t i o n  o f  
t h e  r e c u r r e n c e  r e l a t i o n  t o
and so
= % ( A  +%  )
y i e l d i n g  
a s  e x p e c t e d .
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The Mobius l a d d e r s ,  b e i n g  n o n - p ^ a n a r ,  have  no 
d u a l  g r a p h s .
5 .4  I n  t h e  n e x t  c h a p t e r  we s h a l l  be p a r t i c u l a r l y
c o n c e rn e d  w i t h  t h e  c h r o m a t i c  r o o t s  o f  t r i v a l e n t  g r a p h s  
and so t o  complement t h e  i n f o r m a t i o n  g a in e d  f rom  t h e  
p r i s m s  and mobiua l a d d e r s  above we now c o n s i d e r  t h e  
g r a p h s  c o n s i s t i n g  o f  i  p o l y g o n s
» Px > ■ ' ■ ) w i t h  e a c h  c o n s e c u t i v e
p a i r  j o i n e d  b y  j  e d g e s .
F o r  e x am p le ,  t h e  d i a g r a m  shows ^
/  /
These  may be  g rou p ed  i n t o  f a m i l i e s  b y  f i x i n g  
e i t h e r  i  o r  j  . L ^ i - \  \  i s  a
r e c u r s i v e  f a m i l y  o f  c l a s s  i i )  f o r  any  i  2. and
I i s  a r e c u r s i v e  f a m i l y  of
c l a s s  i )  f o r  an y  j  \ I n  p a r t i c u l a r
f a m i l y  o f  p r i s m s  and ^
i s  t h e  d o d e c a h e d r o n .
The f a m i l y  i s  fo un d  t o  have
r e c u r s i v e n e s s  g r e a t e r  t h a n  50 ,  d e m o n s t r a t i n g  one 
d i f f i c u l t y  i n v o lv e d  i n  d e a l i n g  w i t h  f a m i l i e s  o f  c l a s s  i i ) ,
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^  PO
On t h e  o t h e r  hand t h e  f a m i l i e s  < V have^ i J c-2.
c o m p a r a t i v e l y  s m a l l  r e c u r s i v e s s  and f o r  s m a l l  v a l u e s  o f  
j. t h e  r e c u r r e n c e  r e l a t i o n  may be f o u n d .
The f a m i l y  i s  t r i v i a l .
The f a m i l y  i s  o f  r e c u r s i v e n e s s  2
and t h e  m a t r i x  i s
( - x _ - I x - V -
%  -
- V  ■><- - t -  'K . - V '  \  +  - k
4 [
w i t h  t h e  rows and co lum ns c o r r e s p o n d i n g  t o  
K ’ /and / y ^  r e s p e c t i v e l y .
Î
n
Pi-. /
Pi
t
Pl..
V
The r e l e v a n t  r e c u r r e n c e  r e l a t i o n  f o r  t h e  c h r o m a t i c  
p o l y n o m i a l  i s  r e a d i l y  s o l v e d  and and
a r e  i n  t h e  l i s t  i n  t h e  a p p e n d i x  t o  c h a p t e r  2 and we 
o b t a i n  "X. o )  '  A (jlC.'-'i))''”'
where
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. V ( i w )
and
%6)V4-0 \  '
where
^ ÇyC) =. ^  ^  ^ 4- /4f
w h ich  e x p r e s s i o n  may be  t r a n s f o r m e d  t o  t h e  c h r o m a t i c  
p o l y n o m i a l  u s i n g  t h e  c o r o l l a r y  t o  th e o r e m  1 . 2 .
when t h e  d u a l  f a m i l y  ^ i s  c o n s i d e r e d  t h e
e x p r e s s i o n  f o r  t h e  c h r o m a t i c  p o l y n o m i a l  s i m p l i f i e s  e v en  
f u r t h e r  ( t h e  r e c u r r e n c e  r e l a t i o n  i s  o f  o r d e r  one )  and 
we f  ind
a s  we would e x p e c t  f rom  th e o r e m  5 o f  \_13~\
The f a m i l y  1,^1,:^ 1 has;  r e c u r s i v e n e s s  3 and
t h e  m a t r i x  B i s  where
-  X- ^  +  ■¥ 4-  4- VV-X_ -V ■V- ,
~ ( s  )  -V- ^
-V + ^ ir ,
-  2!^ ‘>i3' ■'r -V  -V -V "Xyy +- ~7->Cc^ ^
x- i  ■ )
'=>i:i.= i  X i  " C y 'f
Once a g a i n  i n  t h e  c a s e  o f  t h e  c h r o m a t i c  p o l y n o m i a l s
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of t h e  d u a l  f a m i l y  1 e v e r y t h i n g  i s
v e r y  e a s y  and we o b t a i n
L-\
a s  e x p e c t è d  C " Z : C ^ E - i ^ C i g : - i ? ) C 2 r ^ R b e i n g  t h e  c h r o m a t i c  
p o l y n o m i a l  o f  t h e  o c t a h e d r o n  ) .
Un t h e  o t h e r  hand we f i n d  t h a t  t o  o b t a i n  t h e  
c h r o m a t i c  p o l y n o m i a l  o f  i t s e l f  i t  i s
n e c e s s a r y  t o  s o l v e  t h e  r e c u r r e n c e  r e l a t i o n  whose 
a u x i l i a r y  e q u a t i o n  i s
+ - ^ - > c 5 - V  -V - -V -
4-  ^ 4 -a-^ *- S ^  ~  ->C(yC- - \ )  = O
w h ich  h a s  no " r e a s o n a b l e "  L i n e a r  f a c t o r .  As we
a l r e a d y  have  a c o m p le te  a n a l y s i s  o f  two t r i v a l e n t  
f a m i l i e s  t h e r e  seems l i t t l e  p o i n t  i n  p e r f o r m i n g  t h e  
l o n g  w inded  c a l c u l a t i o n s  r e q u i r e d  t o  f i n d  
( b u t  s e e  c h a p t e r  6 ; .
Ih e  f a m i l y  h a s  r e c u r s i v e n e s s  6 .
The m a t r i x  B h a s  b e e n  fo u n d  b u t  i t s  n a t u r e  i s  su c h  t h a t  
i t  i s  n o t  p r a c t i c a l  t o  d e a l  w i t h  i t ,  a s  m igh t  have  b e e n  
e x p e c t e d  f o l l o w i n g  \
5 .5  We now c o n s i d e r  a 4 - v a l e n t  f a m i l y ,  t h e
f a m i l y  o f  a n t i p r i s m s .  L e t   ^ t h e  n - g o n a l
p r i s m  h av e  v e r t i c e s  ^  X 1, . . .  , , . . .  , ^  w i t h
v e r t e x  i  j o i n e d  by  e d g e s  t o  L' , L - t  , 1 4- 1
(modulo n  ) .  Then t h e  n - g o n a l  a n t i p r i s m  A 
h a s  t h e  same v e r t i c e s  and e d g e s  a s  TTrs t o g e t h e r  
w i t h  e d g e s  j o i n i n g  i  and ± ' + 1 f o r  1= .. .  , r\ .
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f t .  ; ■ ' V
/
Tne a n t i p r i s m s  a r e  c l e a r l y  c l o s e l y  r e l a t e d  t o  -tVie- 
odd Mobius l a d d e r s ,  •
• I
L .  “" • ' S i -
1é ».
As w i t h  t h e  p r i s m s  and Mobius l a d d e r s  b o t h  
t h e s e  f a m i l i e s  a r e  o f  c l a s s  i i ;  and b o t h  s a t i s f y  
t h e  same r e c u r r e n c e  r e l a t i o n .
The r e c u r r e n c e  r e l a t i o n  f o r  t h e  c o r r e s p o n d i n g  
f a m i l i e s  o f  c l a s s  i ;  ( s e e  lemma 4 . 5 ;  h a s  a u x i l i a r y  
e q u a t i o n
and t h e  r e s i d u a l  s u b m a t r i x  o f  B i s  fo u n d  t o  be
\ o \ O
o ■ X . + - \ o o o
o >c-v\ o O o
o \ O o o
0 1 O o o
o y ' \ o O o
0 o O o \
69
where t h e  rows and colums o f  t h e  m a t r i x  c o r r e s p o n d  
t o  t h e  g r a p h s  ^
K.
n  y  1 '
f\A
t " '
IV
/ I
"V- -V%
K
>  •
\ /  /
\  *' * • / \  
7 T,
V
r e s p e c t i v e l y  so 
and a r e  o f  r e c u r s i v e n e s s  9« ( , '^Yp <xa^
a r e  n o t  p r e c i s e l y  a s  d e f i n e d  i n  th e o re m  4 . 1  -  l o o p s  
have  b e e n  o m i t t e d  -  b u t  t h i s  d o e s  n o t  a f f e c t  t h e  
r e c u r r e n c e  r e l a t i o n . )
I n  t h i s  c a s e  t h e  c h a r a c t e r i s t i c  p o l y n o m i a l  o f  
t h e  m a t r i x  f a c t o r i s e s .  I t  i s
i h u s  7CC^(vS and "X CLaS o ')  may be
e x p r e s s e d  i n  t h e  fo rm
f o r  s u i t a b l e  p o l y n o m i a l s  i n  x  A ,B ,C ,D ,E  i n d e p e n d e n t  
o f  n .  The c h r o m a t i c  p o l y n o m i a l s  o f  t h e  f i r s t
f i v e A have  b e e n  c a l c u l a t e d  ( s t a r t i n g
w i t h  T  ( A / )  -  O ^  ,
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Ç\
and we o b t a i n  t h e  f o l l o w i n g  v a l u e s  o f  t h e  c o n s t a n t s  
k f o r  ;
A = , 2 ,  -  c .  ,
-ac.
X - — \
S in c e  A
and
A i s  p l a n a r  t h e r e  i s  a d u a l  g r a p h  A
c \
where  ^
-   ^ i s  o f  t h e  form
^  C - ' ) C ^  ^  3 )  4 r - x _ - - V - E L t .   ^ - v - ^
(x?' 4- ^C-x-V) ^
-V Z x .  -v- 3 > '^  “  ^
J  10,^4. vS--
w i t h  ü ,B .G .D .E  and F i n d e p e n d e n t  o f  o  ,
The p o l y n o m i a l s  A ,B ,C ,D ,B  and F h av e  n o t  b e e n  
fo u n d  i n  t h i s  c a s e  b u t  X  ( • ,  h a s  b e e n
c a l c u l a t e d  f o r  rv %. 1 , 2 , 3  and 4  and t h e s e  a r e  
d i s c u s s e d  i n  c h a p t e r  6 .
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5 - 6  F i n a l l y  we c o n s i d e r  a f a m i l y  o f  g r a p h s
w hich  d o e s  n o t  s a t i s f y  t h e  d e f i n i t i o n  o f  a r e c u r s i v e  
f a m i l y  g i v e n  i n  c h a p t e r  4 .  i h e s e  a r e  t h e  c o m p le te  
g r a p h s  and we u se  lemma 3 . 1  t o  o b t a i n  a n o n - l i n e a r  r e c u r ­
s i v e  e x p r e s s i o n  f o r  t h e i r  x u t t e  p o l y n o m i a l s .
^For t h i s  s e c t i o n  o n l y ;  we d e f i n e  t h e  f o l l o w i n g  
n o t a t i o n .
Kn d e n o te d  t h e  c o m p le te  g r a p h  on n  v e r t i c e s .
K d e n o t e s  t h e  g r a p h  c o n s t r u c t e d  f rom
j o i n i n g  a new v e r t e x  v  by  j  e d g e s  t o  e v e r y  
v e r t e x  o f  EL-i ( t h a t  i s  i n s e r t i n g  ( i - l ) . ( j - l )
e d g e s  i n t o  K ;  ) .
c G r  i s  t h e  cone o f  G a s  d e f i n e d  i n  lemma 3 . 1  
and i n d u c t i v e l y  Qy') .
A l l  e q u a t i o n s  a r e  r e l a t i o n s  b e tw e e n  T u t t e  
p o l y n o m i a l s .
\ f o r  a l l  i .
'V i  = -----------^  ^  ■
y .  = 'Vi * •
f o r  W > I .
by  lemma 3 . 1
* ' C  -  . .  , f\ > \
w h ich  we a b b r e v i a t e  t o
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(\ . / A-\
1 /
Now a p p l y i n g  t h e  r e d u c t i o n  ^  t o  s u c c e s s i v e l y  
d e l e t e  a l l  b u t  one o f  t h e  edg es  o f  If i n c i d e n t
a t  V g i v e s
-1
=  V -  K . . ,  + (cy. *') I- 2 )
A g a in  a p p l y i n g  ^  , t h i s  t im e  t o  i n s e r t  0
e d g e s  i n  c X  - t o  g i v e  y i e l d s
%0
3 ;
o '"-' K. ;u- U- ' < i : :  -  \ < r i  -  c \ - % .
4 )
ana so f ro m  2 )
i-z k
5>)
where  t h e  p r o d u c t  i s  t a k e n  t o  be
1 when p = 1.
R e v e r s i n g  t h e  o rd e r  o f  t h e  sum m ation  s i g n s  i n  5 )
g i v e s
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U.= \
i+W 
W 6;
a n d  n o w  s u b s t i t u t i n g  t h i s  r e p e a t e d l y  i n  1 /  g i v e s
K ,  - . . .  , 7)
w h e r e
s ;  ■
r  A '«y-i f\
f o r Cy "> ^
-
A
i s  d e f i n e d  r e c u r s i v e l y  b y
a n d
0^ f-\
T h e  f i n a l  r e s u l t  p r o b a b l y  l o o k s  b e t t e r  i n  m a t r i x
f o r m .
6 )  m a y  b e  w r i t t e n
< •>
^  .X
A ' 
-I a X
"P.
O
-I
A : : ,
A
n - i
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and t h e n  7 ;  i s  s im p ly
T h i s  may be m o re  amenable  t h a n  t h e  e x p r e s s i o n  g i v e n  
by T u t t e  ^17] .
T h e  f i r s t  f e w a re
4-\ A
A 4.x ^ ■ V ^ 'A i x  = ,
A S2. i U * ' ^
A t  ’  , A t  = -  >
A t x
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and f o r  exam ple  we have
- s r  '  ^ ,
and so
K ç  - ^  3 ^2. ( . ^ K . ,  +
i>J1)1 ow
and S %  -  4 - '^
and t h u s  a s su m in g  %, = 1 ,  = x ,  and
we f i n d
~ ( I 0  G \v G \
(, %o %o
\S 'S'
VS S
O
4.
1
I
x l
T h i s  r a i s e s  t h e  q u e s t i o n  o f  w h e t h e r  i t  i s  p o s s i b l e  
t o  e x t e n d  t h e  n o t i o n  o f  r e c u r s i v e n e s s  u s e f u l l y  t o  
i n c l u d e  s u c h  f a m i l i e s  a s  t h e  c o m p le te  g r a p h s .
The r e c u r s i o n  g i v e n  above f o r  E  ^  c e r t a i n l y  
s u g g e s t s  n o t ,  a s  i t  i s  n o t  l i n e a r ,  n o t  homogeous,  and 
most  r e l e v a n t  i t  c a n n o t  be  ' s o l v e d ' t o  g iv e  a g e n e r a l  
e x p r e s s i o n  f o r  t h e  T u t t e  p o l y n o m i a l  o f  E I t
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seems l i k e l y  t h a t  t h e  d e f i n i t i o n  i n  c h a p t e r  4- i s  
t h e  b e s t  p o s s i b l e  i n  t h i s  c o n t e x t .
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6 .  The L o c a t i o n  of  t h e  C h ro m a t ic  h o o t s .
I n  t h i s  c h a p t e r  we r e p o r t  on t h e  l o c a t i o n  o f  t h e  
c h r o m a t i c  r o o t s  o f  t h e  g r a p h s  d i s c u s s e d  i n  c h a p t e r  5 
and a t t e m p t  t o  g e n e r a l i s e  t h e s e  r e s u l t s  t o  s t a t e m e n t s  
a b o u t  t h e  c h r o m a t i c  r o o t s  o f  any  g r a p h .  I h i s  i s  i n  
f a c t  b e i n g  r a t h e r  a m b i t i o u s ;  n e v e r t h e l e s s  some l i g h t  
i s  shed on t h e  p r o b le m .
The i n f o r m a t i o n  we h av e  f o r  a p a r t i c u l a r  f a m i l y  
o f  g r a p h s  i s  o f  two s o r t s .  ^ i r s t ,  u s i n g  t h e  
U n i v e r s i t y  o f  uondon  CIO 6600 m ach ine  t h e  u h r o m a t i c  
r o o t s  o f  t h o s e  members o f  f a m i l i e s  w h ic h  have  l e s s  
t h a n  a b o u t  58 v e r t i c e s  h a v e  b e e n  com puted .  I n  
most  c a s e s  t h e s e  r e s u l t s  show a v e r y  c l e a r  p a t t e r n  
w h ic h  we may c o n f i d e n t l y  c l a i m  i s  f o l l o w e d  b y  t h e  
l a r g e r  members o f  t h e  f a m i l y .  (The p a t t e r n  i s  
u s u a l l y  t h a t  t h e  r o o t s  l i e  on one o r  more c l o s e d  
c u r v e s  i n  t h e  com plex  p l a n e . )  I n  o t h e r  c a s e s ,  
w h i l e  t h e r e  i s  a p a t t e r n  t o  t h e  l o c a t i o n  o f  t h e  
c h r o m a t i c  r o o t s  i t  i s  n o t  c l e a r  a t  some p o i n t s  how 
t h e  p a t t e r n  w i l l  e x t e n d  t o  t h e  l a r g e r  g r a p h s  ( e . g .  
when t h e  r o o t s  l i e  on a c u r v e  i n  t h e  com plex  p l a n e  
t h a t  i s  n o t  c l o s e d ) .
I t  i s  i n  t h i s  second  c a s e  t h a t  i n f o r m a t i o n  o f  
t h e  o t h e r  k i n d  i s  most  u s e f u l .  T h i s  i s  d ed u ced  f ro m  
t h e  e x p l i c i t  fo rm  o f  t h e  c h r o m a t i c  p o l y n o m i a l  and
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c a n  e i t h e r  he  i n  t h e  fo rm  o f  a R o u c h e ' s Theorem 
ty p e  o f  r e s u l t ,  p u t t i n g  a bound on t h e  moûulus of  
t h e  c h r o m a t i c  r o o t s  o r ,  l e s s  u s e f u l l y ,  i n  a s i m i l a r  
fo rm  t o  T u t t e ‘s  r e s u l t  on t h e  e x i s t e n c e  o f  t h e  
" g o l d e n  r o o t "   ^ \ l 8 ^   ^ ^9]^ . T h i s  i s  a
t h e o r e t i c a l  e x p l a n a t i o n  of  t h e  p r e s e n c e  o f  a 
c h r o m a t i c  r o o t  o f  c e r t a i n  g r a p h s  a t  2 . 6 1 8 . .  = U x  
-  \ + and s t a t e s  t h a t
i f  G h a s  o  v e r t i c e s .
Such r e s u l t s  a r e  n o t  v e r y  u s e f u l  f o r  o u r  p u r p o s e s  
f o r  two r e a s o n s .  They a r e  n o t  r e a l l y  c o n c l u s i v e ;
   X
t h e  g r a p h s  \ ( s e e  5-4-j s a t i s f y
t h e  c o n d i t i o n s  of  T u t t e ' s  t h e o re m  b u t  have  no 
c h r o m a t i c  r o o t  n e a r e r  1 -v x  t h a n  2.54-7*.  •
f o r  a l l  i .  A lso  we a r e  u n l i k e l y  t o  be  a b l e  t o
a c c o u n t  f o r  e v e r y  c h r o m a t i c  r o o t  o f  a g r a p h  b y  su ch  
m e th o d s .
JMote a l s o  t h a t  a s  a c o n se q u e n c e  o f  t h e o r e m  11 
o f  [ l 3 l  ( c . f .  lemma 3*3 i i )  t h e  c e n t r o i d  o f  
t h e  c h r o m a t i c  r o o t s  o f  a g r a p h  &, i n  t h e  complex  
p l a n e  l i e s  a t  t h e  p o i n t   ^  ^ where
(^G} i s  t h e  a v e r a g e  v a l e n c y  o f  G.
The f i r s t  non  t r i v i a l  c a s e  t o  be  c o n s i d e r e d  i s  
5 . 5 , t h e  p r i s m s  and ev en  Mobius l a d d e r s .  These 
have  c h r o m a t i c  p o l y n o m i a l s
2 , ^  -  2 2 4 - 1  - V -  +  C ' z T ' - ^ Z r
a n d  - I  -  V C-£-0Ci-'2:'> ^
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r e s p e c t i v e l y .
The c h r o m a t i c  r o o t s  o f  b o t h  t h e s e  t e n d  t o  l i e  
n e a r  t h e  c a r d i d d - l i k e  c u r v e  C, shown i n  f i g u r e  1 
o r  n e a r  t h a t  p o r t i o n  of  t h e  l i n e  R e s  = 2 w h ich
l i e s  i n s i d e  C^  . (A r e a s o n a b l e  fo rm  o f  t h e
e q u a t i o n  o f  C, h a s  n o t  b e e n  fo un d  b u t  t h e  p o s s i ­
b i l i t y  t h a t  i t  i s  a c a r d i d d  i n  t h e  s t r i c t  s e n s e  h a s  
b e e n  e l i m i n a t e d . )
T h i s  p a t t e r n  h a s  b e e n  c o n f i r m e d  by  t h e  f o l l o w i n g  
lemma due t o  R.M. D a m a r e l l  .
lemma 6 . 1  The c h r o m a t i c  r o o t s  o f  t h e  p r i s m s  and
e v e n  Mobius l a d d e r s  have  modulus  n o t  g r e a t e r  t h a n  3 .
P r o o f  ; The p r o o f s  f o r  t h e  two f a m i l i e s  b e i n g
s i m i l a r  we g i v e  o n ly  t h a t  f o r  t h e  p r i s m s .
When \ 2 \  = 3 we have b y  e l e m e n t a r y  c a l c u l u s
('• 11. - -i I <  _
3, 4  v2 , \
1 \ -  '2: y <  ^
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F i g u r e  1: The c h r o m a t i c  r o o t s  o f  t h e  p r i s m s ,
(The c h r o m a t i c  r o o t s  o f  J  
shown i n  r e d . J [ I i ' ,
a r e
2.0
oo-
1 2)
/*
M*
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Hence when l-i. \
\ "2:: -^ 4- \ V C.-Z. - \
^  + \^-v\(^Vv-^\  't-V'3>-^ V
Ü-PPl y i n g  Rouches t h e o r e m  we have  t h a t
( 2. ^   ^ 4.1 h a s
t h e  same number of z e r o s  i n s i d e  t h e  c i r c l e  = ^
a s  , nam ely  2 n ,  f o r  ^ > 7 .
D i r e c t  c o m p u t a t i o n  c o n f i r m s  t h e  r e s u l t  f o r  n  <  7#
a
The d u a l s  o f  t h e  p r i s m s ,  t h e  d o u b le  p y r a m id s  h ave  
c h r o m a t i c  p o l y n o m i a l
where  t h e  g r a p h  h a s  rv^-T. v e r t i c e s ,  and
t h e  c h r o m a t i c  r o o t s  a r e  a s  shown i n  f i g u r e  2 .
There  a r e  r e a l  r o o t s  a t  0 , 1 , 2 ,  n e a r  \ ^ x. ( s e e  a b o v e ) ,
and when n  i s  odd a t  5» T here  a r e  r o o t s  ( i n c l u d i n g  
# ^ a l  r o o t s )  on t h e  c u rv e  made un of
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Hence when
( rV " &
Applying Rouches  th e o r e m  we have  t h a t
( 2- + ( t - Ç ) ( i - i . y  * ( î -  I ' y V i Y  *■ 4. 1 h a s
t h e  same number of  z e r o s  i n s i d e  t h e  c i r c l e  1^1, = CL 
a s  , nam ely  2 n ,  f o r  o > 7 .
D i r e c t  c o m p u t a t i o n  c o n f i r m s  t h e  r e s u l t  f o r  n <  7 ,
a
The d u a l s  of  t h e  p r i s m s ,  t h e  d o u b le  p y r a m id s  have  
c h r o m a t i c  p o l y n o m i a l
Ï .  ( s  - - % y  4-
where  t h e  g r a p h  h a s  r\ + 7_ v e r t i c e s ,  and
t h e  c h r o m a t i c  r o o t s  a r e  a s  shown i n  f i g u r e  2 .
There  a r e  r e a l  r o o t s  a t  0 , 1 , 2 ,  n e a r  \ ^ x  ( s e e  a b o v e ) ,
and when n  i s  odd a t  5« There  a r e  r o o t s  ( i n c l u d i n g  
i^ e a l  r o o t s )  on t h e  c u r v e  made up o f ___________________________
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F i g u r e  2:  The c h r o m a t i c  r o o t s  ( w i t h  t
o f  t h e  d o u b le  p y ra m id s  Jn^neveiv  , 4-<  a $ "io .
The b e h a v i o u r  f o r  n  odd i s  i d e n t i c a l  e x c e p t  
f o r  one a d d i t i o n a l  r o o t  a t  & - (The c h r o m a t i c  
r o o t s  o f  T.JO a r e  shown i n  r e d . )
8 )
t h e  two a r c s  o f  c i r c l e s  C ^a.')
I'z-- os-c^ C^-%^ ^  ^
\ ^ - Z \ ^ \  ^  U - y )  ^  ^
and t h e  r e m a i n d e r  l i e  on what  a p p e a r  t o  he  s t r a i g h t  
l i n e s ,  a s  shown i n  t h e  f i g u r e .
The c h r o m a t i c  r o o t s  have  o n l y  b e e n  computed 
f o r  n  ^  50 .  With t h i s  i n f o r m a t i o n  t h e  b e s t  r e s u l t  
we c a n  p ro v e  i s  a s  f o l l o w s .
Lemma 6 . 2  ; The c h r o m a t i c  r o o t s  o f  t h e  d o u b le
pyram id  w i t h  n + 2  v e r t i c e s  have  modulus  n o t
g r e a t e r  t h a n  5n f o r  a l l  n .
■FTOof: F o r  a l l  n  >  5u and \^ . l=  5n
^  4- c-v5 .
Hence by  R o u c h e ' s  t h e o r e m  a l l  t h e  c h r o m a t i c  r o o t s  
o f  h av e  modulus  l e s s  t h a n  5n ,  f o r  n  >x 50.
D i r e c t  c o m p u ta t i o n s  c o n f i r m  t h e  r e s u l t  f o r  n  <  5u.
□
Now o u r  c o m p u t a t i o n s  s u g g e s t  t h a t  t h i s  r e s u l t  
i s  n o t  n e a r l y  t h e  b e s t  p o s s i b l e .  F o r  any  u n b o u n d e d ly  
i n c r e a s i n g  f u n c t i o n  o f  n   ^ t h e r e  i s
Ho su c h  t h a t  f o r  n  rv^ and \% W
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Thus i f  we c a n  show t h a t  t h e  modulars o f  t h e  c h r o m a t i c  
r o o t s  o f  CL t a  hounded by f o r  n  <  n* ^
t h e n  "Y i s  a bound f o r  a l l  n .  I t  a p p e a r s
t h a t   ^ where  S
i s  a d e c r e a s i n g  f u n c t i o n  l y i n g  b e tw e e n  0 .5  and "k
rv >  >4.'^ i s  t h e  foTm of  t h e  b e s t  bo und .
C e r t a i n l y  - 2  % 4. 0 2 n. w i l l  d o ,  a ssu m in g
t h a t  t h e  r e g u l a r  b e h a v i o u r  shown i n  f i g u r e  2 i s  
m a i n t a i n e d  f o r  l a r g e r  n .
xhe c h r o m a t i c  r o o t s  o f  some o f  t h e  members o f  
t h e  f a m i l i e s
a r e  g i v e n  i n  f i g u r e s  5 and 4  r e s p e c t i v e l y .
^ has X  •> ■><-, o') = R t y  4- '
where
 ^ ^ ^  ^  =  " k  ^ 2 - x ?  -V- '3 ) X ?" 3 )-> c  -V 2  i l  ^  ^
A , 3  -  >
"=- a|  V
i n  t h i s  c a s e  t h e r e  i s  no o b v io u s  way t o  a p p ly  
a o u c h e ' s  th e o r e m  and t h e  p a t t e r n  o f  t h e  c h r o m a t i c  
r o o t s  o f  t h e  s m a l l  members o f  t h e  f a m i l y  g i v e  o n l y  
an  i n c o m p l e t e  i n d i c a t i o n  o f  t h e  l i k e l y  l o c a t i o n  o f  
t h e  c h r o m a t i c  r o o t s  o f  t h e  l a r g e r  g r a p h s .  The
The ! chrom atic . -  r o o t s  o f  ~ the  
g r a p h s  U a  i  .  :  :
i g u r e
Zo
2-0A O
86
ij ' igure  4 :  The c h r o m a t i c  r o o t s  o f  t h e
Zo
A  lorv
J ,
L
JO
r ' l
o e - ----------
V - O  - . . . . . . . . . !:
-(•O
4 : . : ,
« . •
■Zo
i l lFH'-
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c h r o m a t i c  r o o t s  seem t o  l i e  on two c u r v e s  and
( s e e  f i g u r e  3)  w h ich  v a r y  w i t h  n and a p p e a r  t o  have  
t h e  l i m i t i n g  p o s i t i o n  shown, b u t  i t  i s  n o t  c l e a r ,  
i n t e r  a l i a ,  how v.or e v en  w h e t h e r ;  we sh o u ld  e x p e c t  
t o  e x t e n d  t o  d e s c r i b e  a l l  p o s s i b l e  c h r o m a t i c  
r o o t s  o f  r
jL'he c h r o m a t i c  r o o t s  o f  a p p a r e n t l y
l i e  n e a r  a c u rv e  Cg a s  shown i n  f i g u r e  4 ^ a l th o u g h  
i n  t h i s  c a s e  t h e  c o n v e r g e n c e  t o w a rd s  su c h  a smooth 
c o n v ex  c u r v e  i s  much s l o w e r  t h a n  i n  t h e  o t h e r  e x am p les  
we have  c o n s i d e r e d ,  and h e r e  a g a i n  t h e r e  i s  u n c e r t a i n t y  
a s  t o  w h e t h e r  o r  n o t  c r o s s e s  t h e  l i n e  Re. % = o
xndeed t h e r e  a r e  a lm o s t  c e r t a i n l y  two o r  more 
c om ponen ts  t o  any  l i m i t i n g  c u r v e ,  and we n o t i c e  t h a t  
t h e  maximum modulus  o f  t h e  c h r o m a t i c  r o o t s  i s  
i n c r e a s i n g .  (See  A on f i g u r e  4 . )
Our f i n a l  example i s  5 . 5 ,  t h e  4 - v a l e n t  a n t i p r i s m s ,  
i h e s e  have  c h r o m a t i c  p o l y n o m i a l
?  (  - V  ( z -  +  ( l  -  t ^ ^ (  ^  j  ^
The c h r o m a t i c  r o o t s  o f  l i e  on o r  n e a r  t h e
c u r v e s  and 0  ^ shown i n  f i g u r e  5* IWe
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j j ' igure  ; The c h r o m a t i c  r o o t s  o f  t h e  
a n t i p r i s m s ,  R %. $  -s lO
(The c h r o m a t i c  | r o o t s . p f  ._ A 
a r e  shown i n  r e d • ; i I ; I
\- o
'j •'
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e x p e c t  t h e  c h r o m a t i c  r o o t s  o f  t h e  odd n o b i u s  l a d d e r s ,
L ^  t o  f o l l o w  t h e  same p a t t e r n  -  c . f .  t h e
p r i s m s  and e v e n  Mobius l a d d e r s  -  and t h e  l o c a t i o n  o f  t h e  
c h r o m a t i c  r o o t s  o f  t h e  f i r s t  f o u r  odd m obius  l a d d e r s  
s u g g e s t s  t h a t  t h i s  i s  t h e  c a s e . ;
F o r  t h e  a n t i p r i s m s  t h e  b e s t  r e s u l t  t h a t  we c a n  
o b t a i n  f rom  R o u c h e ' s  t h e o r e m  u s i n g  t h e  c o m p u t a t i o n s  
t h a t  have  b e e n  done i s  a s  f o l l o w s .
Lemma 6 . 3  . The c h r o m a t i c  r o o t s  o f  t h e  a n t i p r i s m s  
l i e  i n  t h e  r e g i o n  o f  t h e  com plex  p l a n e  d e f i n e d  by  
\ ï - 2 ^ \  < S'
P r o o f  : When = Z - S
\ I - 1 , 5  S '*• T )  \
~ F  c^ ')  s a y ,
s i n c e  I I :  " ^  \ Z ~ ^  \ ( J z - z  I
< ^  IZ-
and F ( ^ ' )  <  Z-S^^ f o r  n  ^  \%
Thus b y  R o u c h e ' s  th e o re m  ancb. d i r e c t  c o m p u t a t i o n  
up t o  n  = 18 t h e  r e s u l t  f o l l o w s .  ^
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The c h r o m a t i c  r o o t s  o f  t h e  d u a l s  o f  t h e  a n t i p r i s m s ,  
^  f o r  n  = 2 , 5 , 4 ,  a r e  shown i n  f i g u r e  5 .  
f ro m  t h e s e  r e s u l t s  and c o n s i d e r i n g  o t h e r  i n f o r m ­
a t i o n  su c h  a s  t h a t  g i v e n  i n  t h e  a p p e n d i x  t o  c h a p t e r  2 ,  
and t h e  c h r o m a t i c  r o o t s  o f  t h e  d u a l  o f  t h e  t r u n c a t e d  
i c o s a h e d r o n  g i v e n  i n  [ lO^  (we a r e  c o n c e rn e d  w i t h  
v e r t e x  ooLcurings, [^10^ d e a l s  w i t h  f a c e  c o l o u r i n g s )  
we make t h e  f o l l o w i n g  c o n j e c t u r e s  a b o u t  t h e  l o c a t i o n  
of  t h e  c h r o m a t i c  r o o t s .
These  c o n j e c t u r e s  a r e  b a se d  on c o m p le te  i n f o r m ­
a t i o n  on 70 o r  l iore  g r a p h s  w i t h  up t o  38 v e r t i c e s ,  and 
b o u n d s  and s u g g e s t i v e  t r e n d s  f o r  s e v e r a l  i n f i n i t e  
f a m i l i e s .  I t  must  be  remembered how ever  t h a t  t h e  
l a r g e  members o f  t h e  f a m i l i e s  c o n s i d e r e d  p o s s e s s  
c o n s i d e r a b l e  symmetry ,  and a l t h o u g h  t h e i r  c h r o m a t i c  
r o o t s  f o l l o w  a p a t t e r n  t h e  f i r s t  few  members o f  t h e  
f a m i l y  u s u a l l y  e x h i b i t  c o n s i d e r a b l e  v a r i a t i o n  f rom  
t h e  p a t t e r n .  Most l a r g e  g r a p h s  have  no symmetry and 
a r e  n o t  ' l a r g e '  members o f  a r e c u r s i v e  f a m i l y  ( a l t h o u g h  
o f  c o u r s e  any  g r a p h  may be  c o n s i d e r e d  a s  t h e  f i r s t  
member of  many f a m i l i e s ) .
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F i g u r e  5 Ttie c h r o m a t i c  r o o t s  o f  t h e  
d u a l s  o f  t h e  a n t i p r i s m s ^  A 
f o r  n  = 2 ,3 ,4 - .    l I
I o
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F i g u r e  7 shows t h e  l o c a t i o n  o f  t h e  c h r o m a t i c  r o o t s  
o f  a l l  t h e  t r i v a l e n t  g r a p h s  whose c h r o m a t i c  p o l y n o m i a l s  
a r e  known t o  t h e  a u t h o r .
u o n j e c t u r e  1: F o r  t r i v a l e n t  g r a p h s  t h e  c h r o m a t i c
r o o t s  a l l  s a t i s f y  3  w i t h  e q u a l i t y  o n ly
i n  t h e  c a s e  of  t h e  c o m p le te  g r a p h  w h ich  h a s  no
p r o p e r  3 - c o l o u r i n g .
' st" r\c&
T h i s  i s  a i c u l a r - o f  c o n j e c t u r e  2 ,  b e lo w ,
and t h e  comments t h e r e  a p p l y .
The e v i d e n c e  i n  f a v o u r  o f  t h i s  c o n j e c t u r e  i s  shown 
i n  f i g u r e  7 ,  and s p e a k s  f o r  i t s e l f .
F i g u r e  7: The c h r o m a t i c  r o o t s  o f
some t r i v a l e n t  g r a p h s .
9$
X
2 0 .
-i-A
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The o n l y  s u g g e s t i o n  o f  d o u b t  a r i s e s  f rom  t h e  f a m i l i e s
and f o r  b p t h  o f  w h ich
t h e  maximum modulus  o f  t h e  c h r o m a t i c  r o o t s  i n c r e a s e s  
w i t h  i ,  However h e r e ,  t h e  e v id e n c e  s u g g e s t s  t h a t  
t h e  maximum modulus may a p p ro a c h  5 b u t  n e v e r  exceed  i t .
c o n j e c t u r e  2 ; I f  G i s  a g r a p h  w i t h  maximum
v a l e n c y  k  t h e n  t h e  c h r o m a t i c  r o o t s  o f  G- s a t i s f y
\ ^ \  <  V v 1
I n  \_4]i i t  i s  c o n j e c t u r e d  t h a t  t h e r e  i s  a f u n c t i o n  
i3(k) s u c h  t h a t  f o r  a l l  r e g u l a r  g r a p h  s o f  v a l e n c y  k 
t h e  c h r o m a t i c  r o o t s  s a t i s f y
I <- Z&Ck')
The e v i d e n c e  a v a i l a b l e  s u g g e s t s  t h a t  k +\  i s  s u i t a b l e  
f o r  . In deed  t h e  o n ly  g r a p h  known t o  t h e
a u t h o r  h a v i n g  a c h r o m a t i c  r o o t  w i t h  \2i\ > W i s
t h e  c o m p le t e  b i p a r t i t e  g r a p h  ^  w h ic h  h a s  a c h r o m a t i c  
r o o t  w i t h  modulus  4 . 1 7 7 * • •
The c o n j e c t u r e  i s  a g e n e r a l i s a t i o n  o f  B r o o k s '  
t h e o r e m  L^l*
The e v id e n c e  f o r  t h e  c o n j e c t u r e  i s  more t h a n  j u s t  
t h a t  a l l  t h e  g r a p h s  i n v e s t i g a t e d  s a t i s f y  i t .  The 
complex  c h r o m a t i c  r o o t s  s e e m  t o  fo rm  a d i s c e r n a b l e  
p a t t e r n  w i t h  t h e  f o l l o w i n g  p r o p e r t i e s ,  
i )  They c a n  ( f o r  l a r g e  g r a p h s )  be  r e a s o n a b l y  s a i d  
t o  l i e  on segment® o f  smooth  c u r v e s .
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i i ;  The p o i n t  on t h e s e  c u r v e s  e x t re m e  f rom  t h e  
o r i g i n  i s  much c l o s e r  t o  t h e  r e a l  a x i s  t h a n  t h e  
i m a g i n a r y  a x i s .
i i i )  The l a r g e r  r e a l  r o o t s  f o l l o w  t h e  p a t t e r n  s e t  
b y  t h e  com plex  r o o t s .
i v )  (The r e m a rk  on page "72 ) ,  The c e n t r o i d
of  t h e  c h r o m a t i c  r o o t s  l i e s  a t  ( ■» ^ ')
v )  ( B r o o k s '  t h e o r e m ) .  The l a r g e s t  i n t e g e r  r o o t  
i s  n o t  g r e a t e r  t h a n  k -  1 ( e x c e p t  f o r  c o m p le te  
g r a p h s ,  w h ic h  have  no com plex  c h r o m a t i c  r o o t s ) .
T a k in g  t h e s e  f i v e  o b s e r v a t i o n s  t o g e t h e r ,  t h e  
b e h a v i o u r  o f  t h e  c h r o m a t i c  r o o t s  o f  any  c o u n t e r ­
example  t o  t h e  c o n j e c t u r e  must  c l e a r l y  be v e r y  u n u s u a l .
We c o n c l u d e  w i t h  a l e s s  s i g n i f i c a n t  o b s e r v a t i o n .  
C o n j e c t u r e  3:  F o r  any  g r a p h  G none o f  t h e  complex
c h r o m a t i c  r o o t s  o f  G l i e s  i n s i d e  t h e  rhombus whose 
v e r t i c e s  a r e  a t  ( 0 , 0 ) ,  ( ,2 ,0 )  and ( 1 ,  + >é) i n  t h e  
complex  p l a n e .
Combining  t h e s e  c o n j e c t u r e s  g i v e s  a v e r y  r e s ­
t r i c t e d  r e g i o n  o f  t h e  com plex  p l a n e  f o r  t h e  l o c a t i o n  
e f  t h e  c h r o m a t i c  r o o t s .  I n  a d d i t i o n  bkg o n l y  one o f  
o u r  e x a m p le s  h a s  a c h r o m a t i c  r o o t  w i t h  n e g a t i v e  r e a l  
p a r t  ( t h e  d o d e c a h e d r o n ,  w h ic h  h a s  a r o o t  a t  
- 0 . 0 0 9  ± 1 .469 '^ )  so  i t  i s  a lm o s t  c e r t a i n  t h e r e  i s  a 
bound o f  t h e  fo rm  Be ^  — oc , f o r  some
r e a l  oc > o  p r o b a b l y  w i t h  oc ^  \ .
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